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By applying the collinear expansion to the semi-inclusive hadron production process e++e− → h+q¯( jet)+X at
high energies, we construct a theoretical framework where leading and higher twist contributions at the leading
perturbative QCD can be calculated systematically. With this framework, we calculate the contributions up to
twist-3 for spin-0, spin-1/2 and spin-1 hadrons respectively. We present the results for the hadronic tensors, the
differential cross sections, the azimuthal asymmetries, and the polarizations of the hadrons.
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I. INTRODUCTION
Since there is no hadron involved in the initial state, e+e−
annihilation is most suitable for the study on fragmentation
functions among all different high energy reactions. Similar
to the study on parton distribution functions in deep-inelastic
lepton-nucleon scattering, the longitudinal momentum depen-
dence can be studied in inclusive process while the transverse
momentum dependence can only be studied by going to semi-
inclusive processes.
The study on fragmentation functions is in parallel to that
on parton distribution and/or correlation functions in nucleon.
It plays an important role in the description of high energy
reactions and in studying the properties of hadronic interac-
tions and is therefore a standing topic in the field of high en-
ergy physics. Many progresses have been made and summa-
rized constantly in Review of Particle Properties [1] and also
other recent reviews [2]. Much attention has been attracted
recently in particular in the spin and transverse momentum
dependent (TMD) sessions both in theory [3–16], and in ex-
periment [17–26]. This provides a new window to study the
fragmentation function, to test the hadronization models and
to learn the properties of Quantum Chromodynamics (QCD).
As stressed in different publications [27–29], to study the
spin and TMD sessions of the parton distribution or fragmen-
tation function, higher twist contributions can be very signif-
icant. It is therefore very important for such studies in high
energy reactions to establish a suitable theoretical framework
where leading and higher twist contributions can be calculated
consistently. Collinear expansion seems to be the right tech-
nique for such a purpose.
Collinear expansion was developed in 1980s for inclusive
deep inelastic lepton-nucleon scattering [30, 31] and has been
known as the unique way to obtain a formalism where the
differential cross section including higher twist contributions
is expressed in terms of the calculable hard parts and gauge
invariant parton distribution and correlation functions. The
gauge links in the parton distributions are obtained automat-
ically in the expansion procedure where multiple gluon scat-
tering is taken into account.
Recently, the collinear expansion has been applied success-
fully to semi-inclusive deep inelastic lepton-nucleon scatter-
ing process l + N → l + q(jet) + X [32, 33], where q de-
notes a quark that corresponds to a jet in experiments. With
this process, TMD parton distribution and/or correlation func-
tions can be studied. Calculations have been carried out
where leading and higher twist contributions and also nuclear
dependences have been obtained and expressed in terms of
the gauge invariant parton distribution and correlation func-
tions [32–37].
To study the fragmentation function, we started with the in-
clusive hadron production process in e+e−-annihilation at high
energies [15]. We have applied the collinear expansion to the
process and obtained a theoretical framework for describing
e+ + e− → h+ X where leading and higher twist contributions
can be calculated systematically. With this process, the longi-
tudinal momentum distribution of the fragmentation functions
can be studied and we have made calculations up to twist three
for hadrons with different spins respectively. Even in this
simple case, we have already obtained a number of interest-
ing features such as the existence of transverse polarization at
twist-3 for spin-1/2 hadrons, the quark polarization indepen-
dence of the leading twist spin alignment of vector mesons
and so on.
To study the TMD session of the fragmentation functions,
we need to go to semi-inclusive process where more than a
single hadron are detected. The simplest process in this case
is e++e− → h+q¯(jet)+X. In such semi-inclusive processes, the
measurable quantities sensitive to different components of the
fragmentation function are usually the azimuthal asymmetries
including both the spin dependent and the spin independent
ones. Higher twist effects can give significant contributions to
such asymmetries, hence a systematic calculation to pick up
the leading and higher twist contributions is important.
In this paper, we apply the collinear expansion to the semi-
inclusive process e+ + e− → h + q¯(jet) + X. We derive the
theoretical framework suitable for the description of this pro-
cess, and carry out the calculations up to twist 3 for hadrons
with different spins at the leading order in perturbative QCD.
We present the results for the hadronic tensors, the differen-
tial cross sections, the azimuthal asymmetries and the hadron
polarizations, and discuss the situation when confronting with
experiments. We shall note here that we can easily carry out
the same calculation for process e+ + e− → h+ q(jet)+ X, and
get similar results.
2The rest of this paper is organized as follows. After this
introduction, in Sec. II, we make a brief summary of the
collinear expansion in the inclusive process e+ + e− → h + X
and extend it to the semi-inclusive process e++e− → h+ q¯+X
to get the gauge invariant formalism of hadronic tensor and
cross section. In Sec. III, we present the results for the
hadronic tensors up to twist 3 for spin-0, spin-1/2 and spin-
1 hadrons respectively. The results for the differential cross
sections and the resulting azimuthal asymmetries and the po-
larizations are presented and discussed in Sec. IV. Finally, we
make a summary and give an outlook in Sec. V.
II. THE GAUGE INVARIANT FORMALISM
e−(l1)
e+(l2)
γ/Z0
q¯/jet(k′)
h
X
q(k)
FIG. 1: Illustrating diagram for semi-inclusive hadron production in
e+e− annihilation.
In this section, we apply collinear expansion to the semi-
inclusive e+e− annihilation at high energies and derive the
gauge invariant formalism for the hadronic tensor including
leading and higher twist contributions systematically. To be
explicit, we consider the semi-inclusive process e+ + e− →
h + q¯ + X as illustrated in Fig.1. The differential cross section
is given by the product of the leptonic tensor and the hadronic
tensor,
dσ(si) =
g4z
32s Lµ
′ν′(l1, l2)Dµ′µ(q)Dν′ν∗(q)
× W (si)µν (q, p, S , k′)
d3 p
(2π)22Ep
d3k′
(2π)32E′ . (2.1)
The notations that we use here are the same as those in [15],
i.e. we use l1 and l2 to denote the 4-momenta of the incom-
ing electron and positron, and q = l1 + l2 to denote the 4-
momentum of the intermediate gauge boson. The momen-
tum of the quark is denoted by k and that of the produced
hadron is denoted by p. Here, for the semi-inclusive process
e+ + e− → h+ q¯+ X, the superscript si is introduced to denote
that the quantity is for semi-inclusive and the momentum k′
denotes the momentum of q¯ or the corresponding jet. Also,
similar to [15], we consider e+e− annihilation into hadrons
either via electromagnetic interaction with the exchange of a
virtual photon or via weak interaction with the exchange of
a Z0 boson. We do not consider the interference term and
the results apply to reactions near the Z0 pole where only the
weak interaction term is considered or the energy is much
lower than Z0 mass where only electromagnetic interaction
is needed.
The leptonic tensor is exactly the same as that for inclusive
process and is given in [15]. It is defined as,
Lµ′ν′ (l1, l2) =14Tr
[
Γeµ′/l1Γeν′/l2
]
, (2.2)
where we use Γeµ′ instead of γµ′ since the intermediate boson
can be a photon or a Z0 boson. In the case that the intermedi-
ate boson is a Z0 boson, i.e. for e+ + e− → Z0 → h + q¯ + X,
we have Γeµ′ = γµ′ (ceV − ceAγ5), while Γeµ′ = γµ′ or equiv-
alently cV = 1 and cA = 0 if it is a photon, i.e. for
e+ + e− → γ∗ → h + q¯ + X. Correspondingly, the prop-
agator is ˆDµ′µ = (gµ′µ − qµ′qµ/M2Z)/[(Q2 − M2Z) + iΓZ MZ]
and ˆDµ′µ = gµ′µ/Q2, respectively. The weak coupling gZ =
g/ cos θW = e/ sin θW cos θW , where e is the electron charge
and θW is the Weinberg angle. For Z0-exchange, Lµ′ν′ (l1, l2) is
given by,
Lµ′ν′(l1, l2) = ce1
[
l1µ′ l2ν′ + l1ν′ l2µ′ − (l1 · l2)gµ′ν′
]
+ ice3ǫµ′ν′ρσl
ρ
1l
σ
2 , (2.3)
where ce1 = (ceV )2 + (ceA)2 and ce3 = 2ceVceA. We see that
Lµ′ν′(l1, l2) have both a symmetric part and an anti-symmetric
part for reactions via exchange of Z0. However, for reactions
via electromagnetic interaction, the results are obtained by
taking c1 = 1 and c3 = 0 and we have only the symmetric
part left.
The difference to the inclusive case lies in the hadronic ten-
sor W (si)µν . For the semi-inclusive process e+ + e− → h+ q¯+ X,
it is defined as,
W (si)µν (q, p, S , k′) =
1
2π
∑
X
(2π)4δ4(q − p − k′ − PX)
× 〈0|Jν(0)|k′, p, S ; X〉〈k′, p, S ; X|Jµ(0)|0〉. (2.4)
It contains the fragmentation function and hard part of the
hadronic interaction that will be discussed in the following.
A. Multiple gluon scattering & collinear expansion
Similar as inclusive process, to the leading order, the
hadronic tensor is shown in Fig. 2(a), and is given by,
W (0,si)µν (q, p, S , k′) =
∫ d4k
(2π)4 Tr
[
ˆH(0,si)µν (k, k′, q) ˆΠ(0)(k, p, S )
]
,
(2.5)
where the matrix element is the same as that defined in the
inclusive case and is given by,
ˆΠ(0)(k, p, S ) = 1
2π
∑
X
∫
d4ξe−ikξ〈0|ψ(0)|hX〉〈hX| ¯ψ(ξ)|0〉,
(2.6)
while the hard part is different,
ˆH(0,si)µν (k, k′, q) = Γqµ(/q − /k)Γqν(2π)4δ4(q − k − k′), (2.7)
3in contrast to that for the inclusive process,
ˆH(0)µν (k, q) = Γqµ(/q − /k)Γqν(2π)δ+
(
(q − k)2
)
. (2.8)
It is well known that, because the two quark fields in the
matrix element ˆΠ(0) do not share the same space-time coordi-
nate, ˆΠ(0) is not local (color) gauge invariant. To get the gauge
invariant form, we need to consider the final-state interaction
in QCD, and apply the collinear expansion technique [30, 31].
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FIG. 2: The first few Feynman diagrams as examples of the diagram
series with exchange of j gluon(s). In (a), (b) and (c), we see the
case for j = 0, 1 and 2 respectively. The gluon momentum in (b) is
k1 − k2, while in (c), they are k − k1 and k2 − k respectively.
The collinear expansion was first applied to deeply inelastic
lepton-nucleon scattering (DIS) and provides an unique way
to obtain a consistent formalism that relates the gauge invari-
ant parton distribution and/or correlation functions to the mea-
surable quantities such as the differential cross section includ-
ing leading as well as higher twist contributions. Recently,
we have shown that it can be applied to semi-inclusive DIS
with nucleon and nucleus targets for jet production [32–36]
and corresponding expressions for the azimuthal asymmetries
and nuclear dependences have been obtained. Furthermore,
we have also successfully applied it to the inclusive hadron
production in e+e− annihilation and obtained the correspond-
ing gauge invariant formalism for the hadronic tensor and the
differential cross section.[15] This formalism provides a theo-
retical framework to calculate leading and higher twist contri-
butions systematically. It is used to obtained the relationship
between the differential cross section for e+ + e− → h+ X and
different components of the fragmentation function.
There are two key elements in obtaining the gauge invariant
formalism for the considered reaction. The first is to consider
systematically the contributions from the Feynman diagram
series with multiple gluon scattering as illustrated in Figs. 2(b)
and (c) for e+e− annihilation into hadrons with exchange of
j = 1, 2, . . . gluon(s) between the blob and the lower Fermion
line. In this case, the hadronic tensor is given by a sum of the
contribution from each diagram, e.g., for the semi-inclusive
reaction, we have,
W (si)µν (q, p, S , k′) =
∑
j,c
W ( j,c,si)µν (q, p, S , k′), (2.9)
where we use the superscript to denote the contribution
from the Feynman diagram with exchange of j = 0, 1, 2, . . .
gluon(s) and c denotes the position of the cut line which takes
L or R for j = 1, c = L, M or R for j = 2 and corresponds to
Fig. 2(b1), (b2), (c1), (c2) and (c3), respectively.
The expression for the contribution from each diagram to
the hadronic tensor can be easily obtained and it takes exactly
the same form as that for the inclusive process. E.g., for j = 1
or 2, we have,
W (1,c,si)µν (q, p, S , k′) =
∫ d4k1
(2π)4
d4k2
(2π)4 Tr[
ˆH(1,c,si)ρµν (k1, k2, k′, q) ˆΠ(1,c)ρ (k1, k2, p, S )], (2.10)
W (2,c,si)µν (q, p, S , k′) =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 Tr[
ˆH(2,c,si)ρσµν (k1, k, k2, k′, q) ˆΠ(2,c)ρσ (k1, k, k2, p, S )], (2.11)
where the soft matrices are the same as those defined in the inclusive case and are given by,
ˆΠ(1,L)ρ (k1, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4ηe−ik1ξe−i(k2−k1)η〈0|gAρ(η)ψ(0)|hX〉〈hX| ¯ψ(ξ)|0〉, (2.12)
ˆΠ(1,R)ρ (k1, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4ηe−ik1ξe−i(k2−k1)η〈0|ψ(0)|hX〉〈hX| ¯ψ(ξ)gAρ(η)|0〉, (2.13)
ˆΠ(2,L)ρσ (k1, k, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4η1d4η2e−ik1ξe−i(k−k1)η1 e−i(k2−k)η2〈0|gAρ(η1)gAσ(η2)ψ(0)|hX〉〈hX| ¯ψ(ξ)|0〉, (2.14)
ˆΠ(2,M)ρσ (k1, k, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4η1d4η2e−ik1ξe−i(k−k1)η1 e−i(k2−k)η2〈0|gAσ(η2)ψ(0)|hX〉〈hX| ¯ψ(ξ)gAρ(η1)|0〉, (2.15)
ˆΠ(2,R)ρσ (k1, k, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4η1d4η2e−ik1ξe−i(k−k1)η1 e−i(k2−k)η2〈0|ψ(0)|hX〉〈hX| ¯ψ(ξ)gAρ(η1)gAσ(η2)|0〉. (2.16)
The differences lie in the hard parts. For the semi-inclusive e+ + e− → h + q¯ + X, they are given by,
ˆH(1,L,si)ρµν (k1, k2, k′, q) = Γqµ(/q − /k1)γρ
/k2 − /q
(k2 − q)2 − iǫ Γ
q
ν(2π)4δ4(q − k1 − k′), (2.17)
4ˆH(1,R,si)ρµν (k1, k2, k′, q) = Γqµ
/k1 − /q
(k1 − q)2 + iǫ γ
ρ(/q − /k2)Γqν(2π)4δ4(q − k2 − k′), (2.18)
ˆH(2,L,si)ρσµν (k1, k, k2, k′, q) = Γqµ(/q − /k1)γρ
/k − /q
(k − q)2 − iǫ γ
σ
/k2 − /q
(k2 − q)2 − iǫ Γ
q
ν(2π)4δ4(q − k1 − k′), (2.19)
ˆH(2,M,si)ρσµν (k1, k, k2, k′, q) = Γqµ
/k1 − /q
(k1 − q)2 + iǫ γ
ρ(/q − /k)γσ
/k2 − /q
(k2 − q)2 − iǫ Γ
q
ν(2π)4δ4(q − k − k′), (2.20)
ˆH(2,R,si)ρσµν (k1, k, k2, k′, q) = Γqµ
/k1 − /q
(k1 − q)2 + iǫ γ
ρ
/k − /q
(k − q)2 + iǫ γ
σ(/q − /k2)Γqν(2π)4δ4(q − k2 − k′), (2.21)
in contrast to those for the inclusive process e+ + e− → h + X,
ˆH(1,L)ρµν (k1, k2, q) = Γqµ(/q − /k1)γρ
/k2 − /q
(k2 − q)2 − iǫ Γ
q
ν(2π)δ+
(
(q − k1)2
)
, (2.22)
ˆH(1,R)ρµν (k1, k2, q) = Γqµ
/k1 − /q
(k1 − q)2 + iǫ γ
ρ(/q − /k2)Γqν(2π)δ+
(
(q − k2)2
)
, (2.23)
ˆH(2,L)ρσµν (k1, k, k2, q) = Γqµ(/q − /k1)γρ
/k − /q
(k − q)2 − iǫ γ
σ
/k2 − /q
(k2 − q)2 − iǫ Γ
q
ν(2π)δ+
(
(q − k1)2
)
, (2.24)
ˆH(2,M)ρσµν (k1, k, k2, q) = Γqµ
/k1 − /q
(k1 − q)2 + iǫ γ
ρ(/q − /k)γσ
/k2 − /q
(k2 − q)2 − iǫ Γ
q
ν(2π)δ+
(
(q − k)2
)
, (2.25)
ˆH(2,R)ρσµν (k1, k, k2, q) = Γqµ
/k1 − /q
(k1 − q)2 + iǫ γ
ρ
/k − /q
(k − q)2 + iǫ γ
σ(/q − /k2)Γqν(2π)δ+
(
(q − k2)2
)
. (2.26)
We note that, compared with each other, the inclusive hard
part differs from the corresponding semi-inclusive counter-
part only in the δ-function. While the δ-function in the
inclusive hard part is one dimensional and represents the
mass shell condition, the δ-function in the hard part for the
semi-inclusive process is four dimensional and represents the
energy-momentum conservation.
Since none of the soft matrices given by Eqs. (2.12-2.16) is
local (color) gauge invariant, we need to perform the collinear
expansion as proposed in [30] for inclusive deep inelastic lep-
ton nucleon scattering. Practically, collinear expansion proce-
dure is equivalent to re-organize the contributions into a sum
of terms in the gauge invariant forms by using the Ward iden-
tities. This is the second key element for obtaining the gauge
invariant formalism. We describe it in the following.
1. Collinear expansion for e+ + e− → h + X
The collinear expansion is essentially a Taylor expansion
of the hard parts at the collinear positions. The procedure was
summarized as four steps [32] and was presented in [15] for
inclusive hadron production e+ + e− → h + X. For the self-
containence of the paper, and also for sake of comparison to
the semi-inclusive case, we briefly repeat them here by pay-
ing special attentions to those places where differences may
appear when extending to the semi-inclusive process.
(1) We make a Taylor expansion of all the hard parts around
ki = p/zi, e.g.,
ˆH(0)µν (k, q) = ˆH(0)µν (z) +
∂ ˆH(0)µν (z)
∂kρ
ω
ρ′
ρ kρ′+
+
1
2
∂2 ˆH(0)µν (z)
∂kρ∂kσ
ω
ρ′
ρ kρ′ω σ
′
σ kσ′ + · · · , (2.27)
ˆH(1,L)ρµν (k1, k2, q) = ˆH(1,L)ρµν (z1, z2)+
+
∂ ˆH(1,L)ρµν (z1, z2)
∂k1σ
ω σ
′
σ k1σ′ + · · · , (2.28)
where zi is defined as zi = p+/k+i . The momentum of the
hadron is taken as p = p+n¯, i.e., we use the light cone co-
ordinate and take the direction of motion of the hadron as
z-direction, the lepton plane as xoz-plane and the transverse
component of the momentum of the incident electron is taken
as the x-direction, the unit vectors are denoted by n¯, n and n⊥.
The projection operator ω ρ′ρ is defined as ω ρ
′
ρ ≡ g
ρ′
ρ − n¯ρn
ρ′
.
We would in particular emphasize that, the collinear expan-
sion is carried out in a coordinate system where momentum
of the hadron is taken as the z-direction. In e+e− annihilation,
this coordinate system is different from that we usually use
in experiments where jet direction is usually taken as the Z-
axis. We refer to the former as “collinear frame” of the hadron
and denote it by o-xyz, while the latter as “jet frame” and de-
note it by o-XYZ. These two frames are related to each other
via a rotation. We now work in the collinear frame of the
hadron but present the relationships between the quantities in
the two frames at the end of Sec. IV where results for measur-
able quantities such as the differential cross section, azimuthal
asymmetries and polarizations are presented.
(2) We decompose the gluon fields into longitudinal and
transverse components, i.e.,
Aρ(y) = A+(y)n¯ρ + ω ρ
′
ρ Aρ′(y). (2.29)
5(3) We apply the Ward identities such as,
∂ ˆH(0)µν (z)
∂kρ
= − ˆH(1,L)ρµν (z, z) − ˆH(1,R)ρµν (z, z), (2.30)
∂ ˆH(1,L)ρµν (z1, z2)
∂k2,σ
= − ˆH(2,R)ρσµν (z1, z2, z2), (2.31)
pρ ˆH(1,L)ρµν (z1, z2) = −
z1z2
z2 − z1 − iǫ
H(0)µν (z1), (2.32)
pρ ˆH(2,L)ρσµν (z1, z, z2) = −
z1z
z − z1 − iǫ
H(1,L)σµν (z1, z2). (2.33)
(4) We add all the terms with the same hard part together
and obtain the hadronic tensor in the gauge invariant form
Wµν =
∑
j,c ˜W
( j,c)
µν , and,
˜W (0)µν (q, p, S ) =
∫ d4k
(2π)4 Tr[
ˆH(0)µν (z) ˆΞ(0)(k, p, S )], (2.34)
˜W (1,c)µν (q, p, S ) =
∫ d4k1
(2π)4
d4k2
(2π)4
× Tr[ ˆH(1,c)ρµν (z1, z2)ω ρ
′
ρ
ˆΞ
(1,c)
ρ′ (k1, k2, p, S )], (2.35)
˜W (2,c)µν (q, p, S ) =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4
× Tr[ ˆH(2,c)ρσµν (z1, z, z2)ω ρ
′
ρ ω
σ′
σ
ˆΞ
(2,c)
ρ′σ′ (k1, k, k2, p, S )]. (2.36)
Here, the new un-integrated correlators ˆΞ( j)’s are given by,
ˆΞ(0)(k, p, S ) = 1
2π
∑
X
∫
d4ξe−ikξ〈0|L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.37)
ˆΞ(1,L)ρ (k1, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4ηe−ik1ξ−i(k2−k1)η〈0|L†(η,∞)Dρ(η)L†(0, η)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.38)
ˆΞ(1,R)ρ (k1, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4ηe−ik1ξ−i(k2−k1)η〈0|L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ, η)←−Dρ(η)L(η,∞)|0〉, (2.39)
ˆΞ(2,L)ρσ (k1, k, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4η1d4η2e−ik1ξ−i(k−k1)η1−i(k2−k)η2
× 〈0|L†(η1,∞)Dρ(η1)L†(η2, η1)Dσ(η2)L†(0, η2)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.40)
ˆΞ(2,M)ρσ (k1, k, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4η1d4η2e−ik1ξ−i(k−k1)η1−i(k2−k)η2
× 〈0|L†(η2,∞)Dσ(η2)L†(0, η2)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ, η1)Dρ(η1)L(η1,∞)|0〉, (2.41)
ˆΞ(2,R)ρσ (k1, k, k2, p, S ) =
1
2π
∑
X
∫
d4ξd4η1d4η2e−ik1ξ−i(k−k1)η1−i(k2−k)η2
× 〈0|L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ, η1)Dρ(η1)L(η1, η2)Dσ(η2)L(η2,∞)|0〉, (2.42)
where Dρ(η) = −i∂ρ + gAρ(η) is the covariant derivative. The gauge link L(ξ, η) = L(ξ,∞)L†(η,∞) and L(ξ,∞) is given by the
following path integral,
L(ξ,∞) = Peig
∫ ∞
ξ−
dη−A+(η−;ξ+ ,~ξ⊥)
= 1 + ig
∫ ∞
ξ−
dη−A+(η−; ξ+, ~ξ⊥)) + (ig)2
∫ ∞
ξ−
dη−1
∫ η−1
ξ−
dη−2 A
+(η−2 ; ξ+, ~ξ⊥))A+(η−1 ; ξ+, ~ξ⊥)) + · · · . (2.43)
In contrast to [15], we use the un-integrated correlators here
for comparison to the results in the semi-inclusive case.
We note that these un-integrated correlators have the fol-
lowing properties as demanded by the hermiticity,
ˆΞ(0)†(k, p, S ) = γ0 ˆΞ(0)(k, p, S )γ0, (2.44)
ˆΞ(1,L)†ρ (k1, k2, p, S ) = γ0 ˆΞ(1,R)ρ (k1, k2, p, S )γ0, (2.45)
ˆΞ(2,L)†ρσ (k1, k2, k, p, S ) = γ0 ˆΞ(2,R)σρ (k1, k2, k, p, S )γ0, (2.46)
ˆΞ(2,M)†ρσ (k1, k2, k, p, S ) = γ0 ˆΞ(2,M)σρ (k1, k2, k, p, S )γ0, (2.47)
and space reflection invariance,
γ0 ˆΞ(0)(˜k, p˜,− ˜S )γ0 = ˆΞ(0)(k, p, S ), (2.48)
γ0 ˆΞ(1,L)ρ (˜k1, ˜k2, p˜,− ˜S ) = ˆΞ(1,L)ρ (k1, k2, p, S ), (2.49)
6γ0 ˆΞ(2,L)†ρσ (˜k1, ˜k2, ˜k, p˜,− ˜S )γ0 = ˆΞ(2,L)ρσ (k1, k2, k, p, S ), (2.50)
γ0 ˆΞ(2,M)†ρσ (˜k1, ˜k2, ˜k, p˜,− ˜S )γ0 = ˆΞ(2,M)ρσ (k1, k2, k, p, S ). (2.51)
Here a tilded four vector denotes ˜k = (k0,−~k) and ˜S =
(S 0,−~S ). As mentioned in e.g. [5–7], the time reversal invari-
ance does not lead to direct constraints to the form of these
correlators.
2. Collinear expansion for the semi-inclusive process
e+ + e− → h + q¯ + X
As can be seen from the four steps of the collinear expan-
sion for the inclusive process e+ + e− → h + X, a crucial
ingredient is the validity of the Ward identities for the hard
parts as given by Eqs. (2.30-2.33). By using these iden-
tities, we replace the derivatives by the corresponding hard
parts with more gluon(s) exchange. Also, the longitudinal
gluon field parts are changed to the corresponding terms in
the gauge link for contribution where the hard parts contain
less gluon exchange. We also see that, for the semi-inclusive
process e+ + e− → h+ q¯ + X, the hadronic tensor is expressed
in the same form as that for the inclusive process. However,
the hard parts in the sum of the contributions from the sepa-
rate graphs are different from those in the inclusive process.
Because of this, there is no similar Ward identities valid for
the semi-inclusive hard parts. This implies that, if one would
perform the collinear expansion directly of the semi-inclusive
hard parts, one would not be able to obtain the similar results
as those for the inclusive case.
This problem was solved in [32] by using the identity,
(2π)4δ4(q − k − k′) = 2πδ+
(
(q − k)2
)
K(k, k′), (2.52)
K(k, k′) = (2π)32E′δ3(~q − ~k − ~k′). (2.53)
Using this identity, we obtain that
ˆH( j,c,si)µν (ki, k′, q) = ˆH( j.c)µν (ki, q)K(kc, k′), (2.54)
where ki denotes all the parton 4-momenta involved and kc is
the momentum of the cut parton. The semi-inclusive hard part
is written as a product of the corresponding inclusive hard part
and a kinematical factor K(kc, k′). Hence,
W (0,si)µν =
∫ d4k
(2π)4 K(k, k
′)Tr[ ˆH(0)µν (k, q) ˆΠ(0)(k, p, S )], (2.55)
W (1,c,si)µν =
∫ d4k1
(2π)4
d4k2
(2π)4 K(kc, k
′)
× Tr[ ˆH(1,c)ρµν (k1, k2, q) ˆΠ(1,c)ρ (k1, k2, p, S )], (2.56)
W (2,c,si)µν =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 K(kc, k
′)
× Tr[ ˆH(2,c)ρσµν (k1, k, k2, q) ˆΠ(2,c)ρσ (k1, k, k2, p, S )].
(2.57)
We apply the same collinear expansion as that for the inclu-
sive case, i.e. make collinear expansion of the inclusive hard
part rather than the semi-inclusive hard part. The kinematic
factor K(kc, k′) remains unchanged, so we obtain,
W (si)µν (q, p, S , k′) =
∑
j,c
˜W ( j,c)siµν (q, p, S , k′), (2.58)
˜W (0,si)µν =
∫ d4k
(2π)4 K(k, k
′)Tr
[
ˆH(0)µν (z) ˆΞ(0)(k, p, S )
]
, (2.59)
˜W (1,c,si)µν =
∫ d4k1
(2π)4
d4k2
(2π)4 K(kc, k
′)Tr
[
ˆH(1,c)ρµν (z1, z2)
× ω
ρ′
ρ
ˆΞ
(1,c)
ρ′ (k1, k2, p, S )
]
, (2.60)
˜W (2,c,si)µν =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 K(kc, k
′)Tr
[
ˆH(2,c)ρσµν (z1, z, z2)
× ω
ρ′
ρ ω
σ′
σ
ˆΞ
(2,c)
ρ′σ′ (k1, k, k2, p, S )
]
. (2.61)
We see that, except for the extra kinematical factor K(kc, k′),
they are just the same as those for the inclusive process
e++e− → h+X as given by Eqs. (2.34-2.36). These equations
form a framework that can be used to calculate the leading
and higher twist contributions to the hadronic tensor system-
atically. The nice feature of this framework is that the hard
parts depends only on the longitudinal components of the par-
ton momenta, so that we can further simplify these equation
in a great deal. We show this in the following.
B. The simplified expressions
Since these collinear expanded hard parts depend on less
parton momenta, and the momentum dependences are usually
δ-functions or 1/(z − zB) form, where zB ≡ 2p · q/Q2, we can
carry out the integrations over the parton momenta. We sim-
ply use W (si)µν (q, p, S , k′⊥) to denote W (si)µν (q, p, S , k′) after inte-
gration over dk′z/(2π)2E′, i.e.,
W (si)µν (q, p, S , k′⊥) =
∫ dk′z
(2π)2E′W
(si)
µν (q, p, S , k′), (2.62)
and we have,
dσ(si) =
g4z
32s Lµ
′ν′ (l1, l2)Dµ′µ(q)
× Dν
′ν∗(q)W (si)µν (q, p, S , k′⊥)
d3 p
(2π)22Ep
d2k′⊥
(2π)2 . (2.63)
By inserting Eqs. (2.58-2.61) into (2.62), we obtain the
following simplified form for the hadronic tensor,
W (si)µν (q, p, S , k′⊥) =
∑
j,c
˜W ( j,c)siµν (q, p, S , k′⊥), (2.64)
˜W (0,si)µν (q, p, S , k′⊥) =
∫ d4k
(2π)4 (2π)
2δ2(~k⊥ + ~k′⊥)
× Tr[ ˆH(0)µν (z) ˆΞ(0)(k, p, S )], (2.65)
˜W (1,c,si)µν (q, p, S , k′⊥) =
∫ d4k1
(2π)4
d4k2
(2π)4 (2π)
2δ2(~kc⊥ + ~k′⊥)
× Tr
[
ˆH(1,c)ρµν (z1, z2)ω ρ
′
ρ
ˆΞ
(1,c)
ρ′ (k1, k2, p, S )
]
, (2.66)
7˜W (2,c,si)µν (q, p, S , k′⊥) =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 (2π)
2δ2(~kc⊥ + ~k′⊥)
× Tr
[
ˆH(2,c)ρσµν (z1, z, z2)ω ρ
′
ρ ω
σ′
σ
ˆΞ
(2,c)
ρ′σ′ (k1, k, k2, p, S )
]
. (2.67)
The collinear expanded hard parts contain only the longitu-
dinal variables and also multiplied by the projection operator
ω
ρ′
ρ . They reduce to very simple forms such as,
ˆH(0)µν (z) = z2Bπˆh(0)µν δ(z − zB), (2.68)
ˆH(1,L)ρµν (z1, z2)ω ρ
′
ρ = −
πz2B
2p · q
ˆh(1)ρµν δ(z1 − zB)ω ρ
′
ρ , (2.69)
ˆH(2,M)ρσµν (z1, z, z2)ω ρ
′
ρ ω
σ′
σ =
2πz2B
(2p · q)2
ˆh(2)ρσµν δ(z − zB)ω ρ
′
ρ ω
σ′
σ ,
(2.70)
ˆH(2,L)ρσµν (z1, z, z2)ω ρ
′
ρ ω
σ′
σ =
2πz2B
(2p · q)2
×
(
pσ ˆh(1)ρµν −
z2zB ˆN(2)ρσµν
z2 − zB − iǫ
)
δ(z1 − zB)ω ρ
′
ρ ω
σ′
σ , (2.71)
where ˆh(0)µν = Γqµ/nΓqν/p+, ˆh(1)ρµν = Γqµ/nγρ /¯nΓqν , ˆN(2)ρσµν =
q−Γµγρ/nγσΓν, and ˆh(2)ρσµν = p+Γµ /¯nγρ/nγσ /¯nΓν/2.
Hence these hadronic tensors can be further simplified as
that we did for inclusive process.
˜W (0,si)µν =
1
2
Tr
[
ˆh(0)µν ˆΞ(0)(zB, k′⊥, p, S )
]
, (2.72)
˜W (1,L,si)µν = −
1
4p · q
Tr
[
ˆh(1)ρµν ω ρ
′
ρ
ˆΞ
(1,L)
ρ′ (zB, k′⊥, p, S )
]
, (2.73)
˜W (1,R,si)µν = −
1
4p · q
Tr
[
ˆh(1)ρ†νµ ω ρ
′
ρ
ˆΞ
(1,R)†
ρ′ (zB, k′⊥, p, S )
]
, (2.74)
˜W (2,M,si)µν =
1
4(p · q)2 Tr
[
ˆh(2)ρσµν ω ρ
′
ρ ω
σ′
σ
ˆΞ
(2A)
ρ′σ′ (zB, k′⊥, p, S )
]
,
(2.75)
˜W (2,L,si)µν =
1
4(p · q)2 Tr
[
ˆh(1)ρµν ω ρ
′
ρ
ˆΞ
(2B)
ρ′ (zB, k′⊥, p, S )
+ ˆN(2)ρσµν ω
ρ′
ρ ω
σ′
σ
ˆΞ
(2C)
ρ′σ′ (zB, k′⊥, p, S )
]
, (2.76)
˜W (2,R,si)µν =
1
4(p · q)2 Tr
[
ˆh(1)ρ†νµ ω ρ
′
ρ
ˆΞ
(2B)†
ρ′ (zB, k′⊥, p, S )
+ ˆN(2)ρσ†νµ ω
ρ′
ρ ω
σ′
σ
ˆΞ
(2C)†
ρ′σ′ (zB, k′⊥, p, S )
]
, (2.77)
where just for clarity, we omit the arguments (q, p, S , k′⊥) for
the ˜W’s. The new correlators are defined as,
ˆΞ(0)(z, k′⊥, p, S ) =
∫ d4k
(2π)4 δ
2(~k⊥ + ~k′⊥)
× 2πz2Bδ(z − zB) ˆΞ(0)(k, p, S ), (2.78)
ˆΞ(1)ρ (z, k′⊥, p, S ) =
∫ d4k1
(2π)4
d4k2
(2π)4 δ
2(~k1⊥ + ~k′⊥)
× 2πz2Bδ(z1 − zB) ˆΞ(1,L)ρ (k1, k2, p, S ), (2.79)
ˆΞ(2A)ρσ (z, k′⊥, p, S ) =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 δ
2(~k⊥ + ~k′⊥)
× 2πz2Bδ(z − zB) ˆΞ(2,M)ρσ (k1, k2, k, p, S ), (2.80)
ˆΞ(2B)ρ (z, k′⊥, p, S ) =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 δ
2(~k1⊥ + ~k′⊥)
× 2πz2Bδ(z1 − zB)pσ ˆΞ(2,L)ρσ (k1, k2, k, p, S ), (2.81)
ˆΞ(2C)ρσ (z, k′⊥, p, S ) =
∫ d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4 δ
2(~k1⊥ + ~k′⊥)
× 2πz2Bδ(z1 − zB)
zz2
z2 − z − iǫ
ˆΞ(2,L)ρσ (k1, k2, k, p, S ).
(2.82)
After we perform the integration, we obtain their field opera-
tor expressions as given by,
ˆΞ(0)(z, k⊥, p, S ) =
∑
X
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥〈0|L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.83)
ˆΞ(1)ρ (z, k⊥, p, S ) =
∑
X
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥〈0|L†(0,∞)Dρ(0)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.84)
ˆΞ(2A)ρσ (z, k⊥, p, S ) =
∑
X
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥〈0|L†(0,∞)Dρ(0)ψ(0)|hX〉〈hX| ¯ψ(ξ)←−Dσ(ξ)L(ξ,∞)|0〉, (2.85)
ˆΞ(2B)ρ (z, k⊥, p, S ) =
∑
X
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥ pσ〈0|L†(0,∞)Dρ(0)Dσ(0)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.86)
ˆΞ(2C)ρσ (z, k⊥, p, S ) =
∑
X
∫
p+dξ−d2ξ⊥p+dη−
2π
dz2
2π
1
z22
z2z
z2 − z − iǫ
e−ip
+(ξ−−η−)/z−ip+η−/z2+ik⊥ ·ξ⊥
× 〈0|L†(η−,∞)Dρ(η−)Dσ(η−)L†(0−, η−)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉, (2.87)
where the coordinate ξ of a field operator or in the gauge link is understood as ξ = (0, ξ−, ~ξ⊥), while a η− in such a place
8means η = (0, η−, ~0⊥).
We emphasize here, just similar to the inclusive and semi-
inclusive deep inelastic lepton-nucleon scattering and inclu-
sive e+e− annihilation processes [15, 32, 36], that the re-
sults presented above including the expressions for the gauge
links and the different correlators are all derived by using the
collinear expansion. We compare these results with those ob-
tained directly from the Feynman diagrams, we see the dis-
tinct differences not only in the hard parts but also in the cor-
relators. We see in particular that all these correlators depend
only on one parton momentum. Furthermore, in contrast to
e.g. ˆΠ(1,L)ρ (k1, k2, p, S ) or ˆΠ(1,R)ρ (k1, k2, p, S ), in the expression
of ˆΞ(1)ρ (z, k⊥, p, S ), we have the covariant derivative instead of
the gluon field.
These correlators are all 4 × 4 matrices, and can be decom-
posed in terms of gamma matrices such as,
ˆΞ(0) = Ξ(0)α γ
α + ˜Ξ(0)α γ5γ
α + · · · , (2.88)
ˆΞ(1)ρ = Ξ
(1)
ραγ
α + ˜Ξ(1)ραγ5γ
α + · · · . (2.89)
Because ˆh(0)µν , ˆh(1)ρµν etc. all have odd number of γ−matrices,
only γα and γ5γα terms contribute to the hadronic tensors.
They are given by,
˜W (0,si)µν =
1
2
[
h(0)αµν Ξ(0)α (z, k′⊥, p, S ) + ˜h(0)αµν ˜Ξ(0)α (z, k′⊥, p, S )
]
,
(2.90)
˜W (1,L,si)µν = −
1
4p · q
[
h(1)ραµν ω ρ
′
ρ Ξ
(1)
ρ′α(z, k′⊥, p, S )+
+ ˜h(1)ραµν ω ρ
′
ρ
˜Ξ
(1)
ρ′α(z, k′⊥, p, S )
]
, (2.91)
˜W (2,M,si)µν =
1
4(p · q)2
[
h(2)ρσαµν ω ρ
′
ρ ω
σ′
σ Ξ
(2A)
ρ′σ′α(z, k′⊥, p, S )+
+ ˜h(2)ρσαµν ω ρ
′
ρ ω
σ′
σ
˜Ξ
(2A)
ρ′σ′α(z, k′⊥, p, S )
]
, (2.92)
˜W (2,L,si)µν =
1
4(p · q)2
[
h(1)ραµν ω ρ
′
ρ Ξ
(2B)
ρ′α (z, k′⊥, p, S )+
+ ˜h(1)ραµν ω ρ
′
ρ
˜Ξ
(2B)
ρ′α (z, k′⊥, p, S )+
+ N(2)ρσαµν ω
ρ′
ρ ω
σ′
σ Ξ
(2C)
ρ′σ′α(z, k′⊥, p, S )+
+ ˜N(2)ρσαµν ω
ρ′
ρ ω
σ′
σ
˜Ξ
(2C)
ρ′σ′α(z, k′⊥, p, S )
]
, (2.93)
where we use the short handed notations h( j)αµν = Tr[γα ˆh( j)µν ],
˜h( j)αµν = Tr[γ5γα ˆh( j)µν ] and so on. The other contributions are
given by,
˜W (1,R,si)µν (q, p, S , k′⊥) = ˜W (1,L,si)∗νµ (q, p, S , k′⊥), (2.94)
˜W (2,R,si)µν (q, p, S , k′⊥) = ˜W (2,L,si)∗νµ (q, p, S , k′⊥). (2.95)
By carrying out the traces to obtain h( j)αµν and ˜h( j)αµν , mak-
ing the Lorentz decompositions of the correlators and making
the Lorentz contractions, we obtain the contributions to the
hadronic tensors. To the leading twist (twist-2), we only need
to consider ˜W (0,si). Up to twist-3, we need to consider both
˜W (0,si) and ˜W (1,c,si). In this way, we can calculate the leading
and higher twist contributions systematically.
The traces mentioned above can easily be carried out, we
have e.g.,
p+h(0)αµν = −4c
q
1(gµνnα − g αµ nν − g αν nµ) − 4icq3ǫαβµνnβ, (2.96)
p+ ˜h(0)αµν = 4c
q
3(gµνnα − g αµ nν − g αν nµ) + 4icq1ǫαβµνnβ, (2.97)
h(1)ραµν n¯αω ρ
′
ρ = −8cq1d
ρ′
µ n¯ν − 8icq3ǫ
ρ′
⊥µ n¯ν, (2.98)
˜h(1)ραµν n¯αω ρ
′
ρ = 8cq3d
ρ′
µ n¯ν + 8icq1ǫ
ρ′
⊥µ n¯ν, (2.99)
where d ρ
′
µ = g
ρ′
µ − n¯µn
ρ′ − nµn¯
ρ′
.
We should note that, the correlators such as Ξ(0)α , ˜Ξ(0)α , Ξ(1)ρα ,
˜Ξ
(1)
ρα are Lorentz vectors and tensors respectively. Also, from
the hermiticity and the parity invariance of strong interaction
as given by Eqs. (2.44-2.50), we obtain further constraints
on the forms of these correlators. From the hermiticity, we
obtain that both Ξ(0)α and ˜Ξ(0)α are real, i.e., Ξ(0)∗α = Ξ(0)α and
˜Ξ
(0)∗
α = ˜Ξ
(0)
α . But for Ξ(1)’s, hermiticity does not lead to such
simple results because the two matrix elements are not sym-
metric. They have both real and imaginary parts. From space
reflection invariance, we obtain,
Ξ(0)α (z, k⊥, p, S ) = Ξ(0)α(z, ˜k⊥, p˜,− ˜S ), (2.100)
˜Ξ(0)α (z, k⊥, p, S ) = − ˜Ξ(0)α(z, ˜k⊥, p˜,− ˜S ), (2.101)
Ξ(1)ρα(z, k⊥, p, S ) = Ξ(1)ρα(z, ˜k⊥, p˜,− ˜S ), (2.102)
˜Ξ(1)ρα(z, k⊥, p, S ) = − ˜Ξ(1)ρα(z, ˜k⊥, p˜,− ˜S ). (2.103)
We see in particular that Ξ(0)α is a vector and ˜Ξ(0)α is an axial
vector. These are properties that we should use when we make
the Lorentz decompositions of these correlators. The precise
forms of the Lorentz decompositions of the correlators depend
strongly on the spin of the hadron involved. We therefore con-
sider hadrons with spin 0, 1/2 and 1 separately and present the
results in these cases up to twist-3 in next section.
III. HADRONIC TENSOR FOR e+ + e− → h + q¯ + X
In this section, we present the results for the hadronic ten-
sors for e+ + e− → h + q¯ + X in the cases that h is a spin-0,
spin-1/2 or spin-1 particle separately.
A. Hadronic tensor for spin-0 hadrons
For semi-inclusive process with production of spin-0
hadrons, the correlators Ξ(0)α , ˜Ξ(0)α , Ξ(1)ρα and ˜Ξ(1)ρα are func-
tions of z, k⊥ and p. The Lorentz structures can be con-
structed from the Lorentz vectors p, k⊥ and n. The Ξ(0)α and
˜Ξ
(0)
α are Lorentz vector and axial vector respectively. The n¯-
components Ξ(0)+ and ˜Ξ
(0)
+ contribute at the leading twist level
and the ⊥-components Ξ(0)⊥ and ˜Ξ
(0)
⊥ contribute at the twist-3
level. For Ξ(1)ρα , ˜Ξ(1)ρα , the existence of the projection operator
ω
ρ′
ρ makes the contributions from Ξ(1)+α and ˜Ξ
(1)
+α components
equal to zero. The leading contributions are from Ξ(1)⊥+ and
9˜Ξ
(1)
⊥+, and they are at the twist-3 level. Hence, up to twist-3,
we need to consider,
zΞ(0)α (z, k⊥, p) = pα ˆD1(z, k⊥) + k⊥α ˆD⊥(z, k⊥) + · · · , (3.1)
z ˜Ξ(0)α (z, k⊥, p) = ǫ⊥αk⊥∆ ˆD⊥(z, k⊥) + · · · , (3.2)
zΞ(1)ρα (z, k⊥, p) = pαk⊥ρ ξ(1)⊥ (z, k⊥) + · · · , (3.3)
z ˜Ξ(1)ρα (z, k⊥, p) = ipαǫ⊥ρk⊥ ˜ξ(1)⊥ (z, k⊥) + · · · , (3.4)
where ǫ⊥ρk⊥ = ǫ⊥ρσkσ⊥, and ǫ⊥ρσ = ǫαβρσn¯αnβ.
We note that all the fragmentation functions defined above
have a dimension of −2. They are all scalar functions of z
and k2⊥ and are Lorentz boost (along the z direction) invariant.
There is only one leading twist component ˆD1(z, k⊥) that has
the following operator expression,
ˆD1(z, k⊥) = z4
∑
X
∫ dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
× Tr
[
〈0|γ+L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉
]
. (3.5)
The other two components ˆD⊥(z, k⊥) and ∆ ˆD⊥(z, k⊥) defined
via the expansion of Ξ(0)α (z, k⊥, p) and ˜Ξ(0)α (z, k⊥, p) respec-
tively are twist 3 and have the following operator expressions,
ˆD⊥(z, k⊥) = z4
∑
X
∫
p+dξ−d2ξ⊥
2πk2⊥
e−ip
+ξ−/z+ik⊥·ξ⊥
×Tr
[
〈0|/k⊥L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉
]
, (3.6)
∆ ˆD⊥(z, k⊥) = z4
∑
X
∫
p+dξ−d2ξ⊥
2πk2⊥
e−ip
+ξ−/z+ik⊥·ξ⊥
×Tr
[
〈0|/kn⊥γ5L†(0,∞)ψ(0)|hX〉〈hX| ¯ψ(ξ)L(ξ,∞)|0〉
]
, (3.7)
where k⊥ = (0, 0, kx, ky), and kn⊥ is defined as kn⊥ =
(0, 0, ky,−kx) which represents the other transverse direction
in the collinear frame perpendicular to k⊥. We see that ~kn⊥
is just in the normal direction of the production plane of the
hadron and ~k⊥ is the other transverse direction in the produc-
tion plane. We will denote the two transverse directions by
the unit vectors ~en = ~kn⊥/|~k⊥| and ~et = ~k⊥/|~k⊥| in the following
of this paper.
We note that ˆDq→h1 (z, k⊥) is the well-known fragmentation
function and has a simple probability interpretation. How-
ever, we should note that the variables are defined in the
collinear frame so that ˆDq→h1 (z, k⊥)dzd2k⊥/(2π)2 is the num-
ber of hadron h with light cone momentum fraction z ∼ z+ dz
produced in the fragmentation of a quark with light cone mo-
mentum p+/z and transverse momentum −~k⊥ ∼ −(~k⊥ + d~k⊥).
In this paper, we drop the superscript q → h for simplification.
The fragmentation function satisfies the following normaliza-
tion condition,
∑
h
∫
z ˆDq→h1 (z, k⊥)dz
d2k⊥
(2π)2 = 1. (3.8)
We emphasize in particular that the TMD fragmentation func-
tions such as ˆD1(z, k⊥) defined above differ from that usually
defined in phenomenological studies in terms of the differen-
tial cross sections or the number densities [1]. We therefore
denote them by using ˆD’s to distinguish from those defined
phenomenologically. We do not have simple probability in-
terpretations for the two twist 3 components, ˆD⊥(z, k⊥) and
∆ ˆD⊥(z, k⊥). They come from the vector (γα) and axial vector
(γ5γα) components of ˆΞ(0) respectively and are addenda to the
leading twist contribution.
The other two twist 3 components ξ(1)⊥ (z, k⊥) and ˜ξ(1)⊥ (z, k⊥)
are not independent. They are related to ˆD⊥(z, k⊥) and
∆ ˆD⊥(z, k⊥) by using the QCD equation of motion, /D(x)ψ(x) =
0. From this equation, we obtain,
k+Ξ(0)⊥ρ = −nα
(
ReΞ(1)ρα + ǫ
σ
⊥ρ Im ˜Ξ
(1)
σα
)
, (3.9)
k+ ˜Ξ(0)⊥ρ = −nα
(
Re ˜Ξ(1)ρα + ǫ
σ
⊥ρ ImΞ
(1)
σα
)
. (3.10)
They lead to,
ˆD⊥(z, k⊥) = −zRe
[
ξ
(1)
⊥ (z, k⊥) − ˜ξ(1)⊥ (z, k⊥)
]
, (3.11)
∆ ˆD⊥(z, k⊥) = −zIm
[
ξ
(1)
⊥ (z, k⊥) − ˜ξ(1)⊥ (z, k⊥)
]
. (3.12)
By inserting Eqs. (3.1-3.4) into Eqs. (2.90-2.91), and by
using the relationships given by Eqs. (3.11-3.12) to replace
ξ
(1)
⊥ (z, k⊥) and ˜ξ(1)⊥ (z, k⊥) in the results obtained, we finally ob-
tain the hadronic tensor up to twist-3 as,
W (si)µν (q, p, k′⊥) = −
2
z
[
ω(0)µν ˆD1(z, k′⊥)+
− ω(1)µν (tˆ, k′⊥) ˆD⊥(z, k′⊥) + ω˜(1)µν (tˆ, k′⊥)∆ ˆD⊥(z, k′⊥)
]
. (3.13)
Here tˆ = (zq − 2p)/(zp · q) = −n¯/zq− + n/p+ and we intro-
duce a set of short handed notations ω( j)µν and ω˜( j)µν to repre-
sent the Lorentz tensors constructed from the unit vectors and
other Lorentz vector(s) involved. We refer to them as the ba-
sic Lorentz tensors. From the unit vectors, we can defined a
symmetric Lorentz tensors dµν = gµν − nµn¯ν − n¯µnν, and an
anti-symmetric tensor ǫ⊥µν = ǫµνρσn¯ρnσ that depend only on
the transverse components. The ω(0)µν and ω˜(0)µν are just linear
combinations of them, i.e.,
ω(0)µν = −
1
4
pαh(0)αµν = c
q
1dµν + ic
q
3ǫ⊥µν, (3.14)
ω˜(0)µν =
1
4
pα ˜h(0)αµν = ic
q
1ǫ⊥µν + c
q
3dµν. (3.15)
From two Lorentz vectors AL (that has only longitudinal com-
ponents) and B⊥ (that has only transverse components), we
define,
ω(1)µν (AL, B⊥) = cq1AL{µB⊥ν} − icq3AL[µǫ⊥ν]B⊥ , (3.16)
ω˜(1)µν (AL, B⊥) = icq1AL[µB⊥ν] + cq3AL{µǫ⊥ν}B⊥ , (3.17)
ω(2)µν (AL, B⊥) = cq1AL{µǫ⊥ν}B⊥ + icq3AL[µB⊥ν], (3.18)
ω˜(2)µν (AL, B⊥) = icq1AL[µǫ⊥ν]B⊥ − cq3AL{µB⊥ν}, (3.19)
where A{µBν} = AµBν + AµBν, and A[µBν] = AµBν − AµBν.
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We see that for these ω( j)µν ’s and ω˜( j)µν ’s, the real parts are sym-
metric with respect to the µ ↔ ν exchange and the imaginary
parts are anti-symmetric, i.e.,
ω
( j)∗
µν = ω
( j)
νµ , ω˜
( j)∗
µν = ω˜
( j)
νµ . (3.20)
Under space reflection ˆP and time reversal ˆT , we denote
ˆPAL = APL , ˆT AL = A
T
L ,
ˆPB⊥ = BP⊥ and ˆT B⊥ = BT⊥, and we
have, for j = 1 and 2,
ˆPω( j)µν (AL, B⊥) = ω( j)µν (APL , BP⊥), (3.21)
ˆPω˜( j)µν (AL, B⊥) = ω˜( j)µν (APL , BP⊥), (3.22)
ˆTω( j)µν (AL, B⊥) = ω( j)∗µν (ATL , BT⊥), (3.23)
ˆT ω˜( j)µν (AL, B⊥) = ω˜( j)∗µν (ATL , BT⊥), (3.24)
respectively. In the case that both AL and B⊥ Lorentz vectors
representing four momenta of hadron or quark, we have APL =
ATL = ˜AL and BP⊥ = BT⊥ = ˜B⊥, hence,
ˆPω(1)µν (AL, B⊥) = ω(1)νµ(AL, B⊥), (3.25)
ˆPω˜(1)µν (AL, B⊥) = −ω˜(1)νµ(AL, B⊥), (3.26)
ˆTω(1)µν (AL, B⊥) = ω(1)µν(AL, B⊥), (3.27)
ˆT ω˜(1)µν (AL, B⊥) = −ω˜(1)µν(AL, B⊥); (3.28)
ˆPω(2)µν (AL, B⊥) = −ω(2)νµ(AL, B⊥), (3.29)
ˆPω˜(2)µν (AL, B⊥) = ω˜(2)νµ(AL, B⊥), (3.30)
ˆTω(2)µν (AL, B⊥) = −ω(2)µν(AL, B⊥), (3.31)
ˆT ω˜(2)µν (AL, B⊥) = ω˜(2)µν(AL, B⊥). (3.32)
However, if AL is a Lorentz vector and B⊥ is a axial vector
such as the polarization vector S ⊥, we have APL = ATL = ˜AL
but BP⊥ = − ˜B⊥ and BT⊥ = ˜B⊥. In this case, we have, these ω’s
and ω˜’s behave also differently.
We also point out that these ω( j)µν ’s ( j = 0, 1 and 2) corre-
spond to the Lorentz contractions of pα, k⊥α and ǫ⊥αk⊥ with
h(0)αµν respectively (plus the corresponding contributions from
h(1)ραµν terms). The ω˜( j)µν ’s correspond to those with ˜h(0)αµν . We
see in particular that, if we consider reactions via electromag-
netic interaction, i.e. for the case that c1 = 1 and c3 = 0, we
have all the ω( j)µν ’s are real and symmetric in µ ↔ ν while
ω˜
( j)
µν ’s are imaginary and anti-symmetric in µ ↔ ν. Since
in this case Lµν(l1, l2) is symmetric, this implies that only
ω
( j)
µν terms contribute to the cross section in this case. In an-
other word, only the vector component of ˆΞ(0) contributes to
e+ + e− → γ∗ → h + q¯ + X and the axial vector part does not.
It is also easy to verify that these basic tensors satisfy
qµω( j)µν (tˆ, k′⊥) = qνω( j)µν (tˆ, k′⊥) = 0, hence the hadronic tensor
satisfies also qµW (si)µν = qνW (si)µν = 0.
From Eq. (3.13), we see that, for the semi-inclusive produc-
tion of spinless hadron h in e+ + e− → h + q¯ + X, there exist
one leading twist and two twist-3 terms for the hadronic ten-
sor corresponding to one leading twist and two twist 3 com-
ponents of the fragmentation function. However none of the
twist 3 terms survives the integration over d2k′⊥. Since the
fragmentation functions depend on k′2⊥, after the integration
over d2k′⊥, we obtain,
Wµν(q, p) =
∫ d2k′⊥
(2π)2 W
(si)
µν (q, p, k′⊥)
= −
2
z
ω(0)µν
∫ d2k′⊥
(2π)2
ˆD1(z, k′⊥), (3.33)
where only the leading twist term is left. By comparing Eq.
(3.33) with the corresponding results [Eq.(83)] in [15] for in-
clusive process, we obtain,
∫ d2k′⊥
(2π)2
ˆD1(z, k′⊥) = D1(z). (3.34)
This is also the same as we can derive from the operator ex-
pressions for both of them and D1(z) is just the fragmentation
function defined in [15] and in phenomenological studies.[1]
B. Spin-1/2 hadrons
For hadrons with non-zero spins, the quantities describing
the spin states are involved in the Lorentz decompositions of
the correlators such as Ξ(0)α , ˜Ξ(0)α , Ξ(1)ρα and ˜Ξ(1)ρα . This makes the
decomposition much more complicated and the physics more
interesting. It is clear that such decompositions can be written
as a sum of the spin independent part plus a spin dependent
part. Hence, the resulting contributions to the hadronic tensor
should also be expressed as spin independent part plus a spin
dependent part, i.e.,
W (si)µν (q, p, S , k′⊥) = W (si,unp)µν (q, p, k′⊥) + W (si,pol)µν (q, p, S , k′⊥).
(3.35)
Obviously, the spin independent part is the same for hadrons
with non-zero spins as that for spin-zero hadrons. We there-
fore only present the spin dependent part W (si,pol)µν (q, p, S , k′⊥)
in the following.
For spin-1/2 particles, the spin state is described by a 2 × 2
spin density matrix ρ that is usually decomposed as ρ = (1 +
~S · ~σ)/2. The polarization vector ~S is usually replaced by
its Lorentz covariant extension S = (0, ~S ) in the rest frame
of the particle. We therefore denote this spin-dependent part
by W (si,V pol)µν . At high energies, we denote ~S = (~S ⊥, λh) and
decompose S in the light cone coordinate unit vectors as,
S = λh
p+
M
n¯ + S ⊥ − λh
M
2p+
n, (3.36)
where S ⊥ = (0, ~S ⊥, 0) and λh is the helicity. We see that,
compared with the n¯-component, the n⊥- and n-components
of S are suppressed by a factor of M/p+ and (M/p+)2 re-
spectively. They contribute at higher twists. The polariza-
tion of the particle system is given by ~P that is the average
value of ~σ. Any component of ~P can be calculated by using
Pi = Tr(σiρ) = P(σi = 1) − P(σi = −1), where P(σi = ±1)
denotes the probability for the particle to be in the eigenstate
of σi with eigenvalue 1 or −1 respectively. We also recall that
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under space reflection, λh ↔ −λh, and ˆPS µ = − ˜S µ = −S µ.
Hence, up to twist-3, the relevant spin-dependent terms in the
Lorentz decompositions of Ξ(0)α , ˜Ξ(0)α , Ξ(1)ρα and ˜Ξ(1)ρα are given
as follows,
zΞ(0)α (z, k⊥, p, S ) = pα
ǫk⊥S ⊥⊥
M
ˆD⊥1T (z, k⊥) + k⊥α
ǫk⊥S ⊥⊥
M
ˆD⊥T (z, k⊥)
+ λhǫ⊥αk⊥ ˆD
⊥
L (z, k⊥) + Mǫ⊥αS ⊥ ˆDT (z, k⊥) + · · · , (3.37)
z ˜Ξ(0)α (z, k⊥, p, S ) = pα
[
λh∆ ˆD1L(z, k⊥) + k⊥ · S ⊥M ∆
ˆD⊥1T (z, k⊥)
]
+
ǫk⊥S ⊥⊥
M
ǫ⊥αk⊥∆ ˆD
⊥
T (z, k⊥) + λhk⊥α∆ ˆD⊥L (z, k⊥)
+ MS ⊥α∆ ˆDT (z, k⊥) + · · · , (3.38)
zΞ(1)ρα(z, k⊥, p, S ) = pα
[
Mǫ⊥ρS ⊥ξ
(1)
T (z, k⊥)
+ k⊥ρ
ǫk⊥S ⊥⊥
M
ξ
(1)⊥
T (z, k⊥) + λhǫ⊥ρk⊥ξ(1)⊥L (z, k⊥)
]
+ · · · ,
(3.39)
z ˜Ξ(1)ρα(z, k⊥, p, S ) = ipα
[
MS ⊥ρ ˜ξ(1)T (z, k⊥)
+
ǫk⊥S ⊥⊥
M
ǫ⊥ρk⊥ ˜ξ
(1)⊥
T (z, k⊥) + λhk⊥ρ ˜ξ(1)⊥L (z, k⊥)
]
+ · · · .
(3.40)
Here, since ǫk⊥S ⊥⊥ ǫ⊥ρk⊥ = k⊥ρk⊥ ·S ⊥−k2⊥S ⊥ρ, and k⊥ ·S ⊥ǫ⊥ρk⊥ =
k⊥ρǫk⊥S ⊥⊥ +k2⊥ǫ⊥ρS ⊥ , the two terms containing k⊥·S ⊥, i.e. k⊥ρk⊥·
S ⊥ and ǫ⊥ρk⊥k⊥ · S ⊥ are not independent hence do not appear
in the above Eqs. (3.37-3.40).
There are three twist-2 spin dependent components of
the fragmentation function involved here, i.e., ˆD⊥1T (z, k⊥),
∆ ˆD1L(z, k⊥) and ∆ ˆD⊥1T (z, k⊥). The other six components, i.e.
ˆD⊥T (z, k⊥), ˆD⊥L (z, k⊥), ˆDT (z, k⊥), ∆ ˆD⊥T (z, k⊥), ∆ ˆD⊥L (z, k⊥), and
∆ ˆDT (z, k⊥), are twist 3. The operator expressions of these spin
dependent fragmentation functions can be obtained by solv-
ing Eqs. (3.37-3.40) inversely. We denote the hadron state
with polarization in the two transverse directions ~et and ~en
by |e↑t 〉, |e
↓
t 〉, |e
↑
n〉, |e
↓
n〉, and those in the longitudinal direction
z (helicity state) by |+〉 and |−〉, respectively. We obtain the
expressions for three leading twist spin-dependent fragmenta-
tion functions as,
∆ ˆD1L(z, k⊥) = z8
∫ dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|γ+γ5L†(0,∞)ψ(0)|+〉〈+| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|γ+γ5L†(0,∞)ψ(0)|−〉〈−| ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.41)
ˆD⊥1T (z, k⊥) =
zM
8|~k⊥|
∫ dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|γ+L†(0,∞)ψ(0)|e↓n〉〈e↓n| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|γ+L†(0,∞)ψ(0)|e↑n〉〈e↑n| ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.42)
∆ ˆD⊥1T (z, k⊥) =
zM
8|~k⊥|
∫ dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|γ+γ5L†(0,∞)ψ(0)|e↓t 〉〈e↓t | ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|γ+γ5L†(0,∞)ψ(0)|e↑t 〉〈e↑t | ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.43)
for the six twist 3 components, we have,
ˆDT (z, k⊥) = z
8M|~k⊥|
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|/kn⊥L†(0,∞)ψ(0)|e↑t 〉〈e↑t | ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/kn⊥L†(0,∞)ψ(0)|e↓t 〉〈e↓t | ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.44)
∆ ˆDT (z, k⊥) = z
8M|~k⊥|
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|/k⊥γ5L†(0,∞)ψ(0)|e↓t 〉〈e↓t | ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/k⊥γ5L†(0,∞)ψ(0)|e↑t 〉〈e↑t | ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.45)
ˆD⊥T (z, k⊥) =
zM
8|~k⊥|3
∫
p+dξd2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|/k⊥L†(0,∞)ψ(0)|e↑n〉〈e↑n| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/k⊥L†(0,∞)ψ(0)|e↓n〉〈e↓n| ¯ψ(ξ)L(ξ,∞)|0〉
]
+Tr
[
〈0|/kn⊥L†(0,∞)ψ(0)|e↑t 〉〈e↑t | ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/kn⊥L†(0,∞)ψ(0)|e↓t 〉〈e↓t | ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.46)
∆ ˆD⊥T (z, k⊥) =
zM
8|~k⊥|3
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|/kn⊥γ5L†(0,∞)ψ(0)|e↓n〉〈e↓n| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/kn⊥γ5L†(0,∞)ψ(0)|e↑n〉〈e↑n| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/k⊥γ5L†(0,∞)ψ(0)|e↓t 〉〈e↓t | ¯ψ(ξ)L(ξ,∞)|0〉
]
+Tr
[
〈0|/k⊥γ5L†(0,∞)ψ(0)|e↑t 〉〈e↑t | ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.47)
ˆD⊥L (z, k⊥) =
z
8|~k⊥|2
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|/kn⊥L†(0,∞)ψ(0)|+〉〈+| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/kn⊥L†(0,∞)ψ(0)|−〉〈−| ¯ψ(ξ)L(ξ,∞)|0〉
]}
,
(3.48)
∆ ˆD⊥L (z, k⊥) =
z
8|~k⊥|2
∫
p+dξ−d2ξ⊥
2π
e−ip
+ξ−/z+ik⊥·ξ⊥
×
{
Tr
[
〈0|/k⊥γ5L†(0,∞)ψ(0)|−〉〈−| ¯ψ(ξ)L(ξ,∞)|0〉
]
−Tr
[
〈0|/k⊥γ5L†(0,∞)ψ(0)|+〉〈+| ¯ψ(ξ)L(ξ,∞)|0〉
]}
.
(3.49)
From these operator expressions, we can already see that the
three leading twist components, ∆ ˆD1L(z, k⊥), ˆD⊥1T (z, k⊥) and
∆ ˆD⊥1T (z, k⊥), are related to longitudinal quark spin transfer to
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hadron, the induced transverse polarization of h in the direc-
tion of ~kn⊥ (the normal direction ~en of the production plane)
when the fragmenting quark is unpolarized and the induced
transverse polarization in the direction of ~k⊥ (the transverse
direction ~et in the production plane) when the quark is longi-
tudinally polarized. They correspond to the three leading twist
parton distribution functions in nucleon, g1L(x, k⊥), f⊥1T (x, k⊥),
and g⊥1T (x, k⊥), i.e. the helicity distribution, the Sivers func-
tion and the worm-gear function or trans-helicity distribution,
involved in the semi-inclusive deep inelastic lepton-nucleon
scattering e− + N → e− + q + X [36]. The physical signif-
icances of the twist 3 components are not so obvious. They
lead to addenda to the leading twist contributions discussed
above. We will come back and discuss more later on.
Just the same as that in the spin-zero case, the twist 3 com-
ponents defined via Ξ(1)ρα or ˜Ξ(1)ρα are not independent. They are
related to the six twist 3 components defined via Ξ(0)α or ˜Ξ(0)α
by using the QCD equation of motion. They are given by,
1
z
ˆDT (z, k⊥) = −Re
(
ξ
(1)
T (z, k⊥) + ˜ξ(1)T (z, k⊥)
)
, (3.50)
1
z
∆ ˆDT (z, k⊥) = Im
(
ξ
(1)
T (z, k⊥) + ˜ξ(1)T (z, k⊥)
)
, (3.51)
1
z
ˆD⊥T (z, k⊥) = −Re
(
ξ(1)⊥T (z, k⊥) − ˜ξ(1)⊥T (z, k⊥)
)
, (3.52)
1
z
∆ ˆD⊥T (z, k⊥) = −Im
(
ξ
(1)⊥
T (z, k⊥) − ˜ξ(1)⊥T (z, k⊥)
)
, (3.53)
1
z
ˆD⊥L (z, k⊥) = −Re
(
ξ
(1)⊥
L (z, k⊥) + ˜ξ(1)⊥L (z, k⊥)
)
, (3.54)
1
z
∆ ˆD⊥L (z, k⊥) = Im
(
ξ(1)⊥L (z, k⊥) + ˜ξ(1)⊥L (z, k⊥)
)
. (3.55)
By inserting Eqs. (3.37-3.40) into Eqs. (2.90-2.91) and by
using the results given by Eqs. (2.96-2.99), and by using
Eqs. (3.50-3.55) to replace the ξ(1)’s, we obtain the polariza-
tion dependent part of the hadronic tensor for spin-1/2 hadrons
up to twist-3 as given by,
W (si,V pol)µν (q, p, S , z, k′⊥) =
2
z
{
− ω(0)µν
1
M
ǫ
k′⊥S ⊥
⊥
ˆD⊥1T (z, k′⊥)
+ ω˜(0)µν
[
λh∆ ˆD1L(z, k′⊥) +
k′⊥ · S ⊥
M
∆ ˆD⊥1T (z, k′⊥)
]
+
ǫ
k′⊥S ⊥
⊥
M
[
ω(1)µν (tˆ, k′⊥) ˆD⊥T (z, k′⊥) − ω˜(1)µν (tˆ, k′⊥)∆ ˆD⊥T (z, k′⊥)
]
+ λh
[
ω(2)µν (tˆ, k′⊥) ˆD⊥L (z, k′⊥) + ω˜(2)µν (tˆ, k′⊥)∆ ˆD⊥L (z, k′⊥)
]
+ M
[
ω(2)µν (tˆ, S ⊥) ˆDT (z, k′⊥) + ω˜(2)µν (tˆ, S ⊥)∆ ˆDT (z, k′⊥)
]}
,
(3.56)
where ω( j)µν and ω˜( j)µν are the basic Lorentz tensors defined by
Eqs. (3.14-3.19).
From Eq. (3.56), we see that, at leading twist, we have three
spin dependent contributions that describe the polarizations
of the hadron along the helicity direction and two transverse
directions respectively. At twist-3, we have six terms, every
two of them contribute to the polarization in one direction.
We note in particular that there exist a leading twist term and
also higher twist addenda to it characterized by ǫk
′
⊥S ⊥
⊥ . This
corresponds to the Sivers function in parton distribution and
leads to transverse polarization of the hadron. Among the six
twist three components of the fragmentation function, three
of them are from the γα-component of ˆΞ(0) and the other three
are from the γ5γα-component of ˆΞ(0). They correspond to the
ω and ω˜ terms in Eq. (3.56). If we consider reactions via
electromagnetic interaction e+ + e− → γ∗ → h + q¯ + X, only
the ω-terms contribute to the cross section.
We also note that, upon integration over d2k′⊥, we obtain,
W (V pol)µν (q, p, S ) =
∫ d2k′⊥
(2π)2 W
(si,V pol)
µν (q, p, S , z, k′⊥)
=
2
z
{
ω˜(0)µν λh
∫ d2k′⊥
(2π)2∆
ˆD1L(z, k′⊥)
+ Mω(2)µν (tˆ, S ⊥)
∫ d2k′⊥
(2π)2
ˆDT (z, k′⊥)
+ Mω˜(2)µν (tˆ, S ⊥)
∫ d2k′⊥
(2π)2∆
ˆDT (z, k′⊥)
+
1
M
∫ d2k′⊥
(2π)2 ǫ
k′⊥S ⊥
⊥ ω
(1)
µν (tˆ, k′⊥) ˆD⊥T (z, k′⊥)
−
1
M
∫ d2k′⊥
(2π)2 ǫ
k′⊥S ⊥
⊥ ω˜
(1)
µν (tˆ, k′⊥)∆ ˆD⊥T (z, k′⊥)
}
. (3.57)
This is to compare with the S -dependent part given by
Eq. (100) in [15], and it follows that,
∆D1L(z) =
∫ d2k⊥
(2π)2∆
ˆD1L(z, k⊥), (3.58)
DT (z) =
∫ d2k⊥
(2π)2
(
ˆDT (z, k⊥) + k
2
⊥
2M2
ˆD⊥T (z, k⊥)
)
, (3.59)
∆DT (z) =
∫ d2k⊥
(2π)2
(
∆ ˆDT (z, k⊥) − k
2
⊥
2M2
∆ ˆD⊥T (z, k⊥)
)
, (3.60)
which are the corresponding components of fragmentation
function discussed in [15] for the inclusive process e+ + e− →
h + X.
C. Spin-1 hadrons
1. Description of the polarization of spin-1 hadrons
The polarization of a system of spin-1 particles is described
by a 3 × 3 spin density matrix ρ. In the particle rest frame,
the matrix can be decomposed in terms of the spin operator Σi
and Σi j = 12 (ΣiΣ j + Σ jΣi) − 23 1δi j, i.e.,
ρ =
1
3(1 +
3
2
S iΣi + 3T i jΣi j), (3.61)
where the spin polarization tensor T i j = Tr(ρΣi j) and is pa-
rameterized as,
T = 1
2

− 23 S LL + S
xx
TT S
xy
TT S
x
LT
S xyTT −
2
3 S LL − S
xx
TT S
y
LT
S xLT S
y
LT
4
3 S LL
 , (3.62)
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where the five independent parameters are defined as,
S LL =
3
2
〈Σ2z 〉 − 1, (3.63)
S xLT = 〈ΣxΣz + ΣzΣx〉, (3.64)
S yLT = 〈ΣyΣz + ΣzΣy〉, (3.65)
S xyTT = S
yx
TT = 〈ΣxΣy + ΣyΣx〉, (3.66)
S xxTT = −S
yy
TT = 〈Σ
2
x − Σ
2
y〉. (3.67)
We see that, in this decomposition, the polarization of a
spin-1 hadron is described by a vector polarization S µ and
a tensor polarization T µν. The vector polarization is defined
in exactly the same way as that for the spin-1/2 hadrons,
i.e. S µ = (0, ~S ) in the rest frame of the hadron. The ten-
sor polarization part T µν has five independent components
and they are given by a Lorentz scalar S LL, a Lorentz vec-
tor S µLT = (0, S xLT , S yLT , 0) and a Lorentz tensor S µνTT that has
two independent non-zero components S xxTT and S
xy
TT in the
rest frame of the hadron. We also note that, under space re-
flection, they behave as, ˆPS LL = S LL, ˆPS µLT = S LTµ, and
ˆPS µνTT = S TTµν. These polarization parameters can be related
to the probabilities for the particles in different spin states[38].
We use P(m; θn, φn) to denote the probability for the particle
to be in the eigenstate |m; θn, φn〉 of ~Σ·~n with eigen value m and
~n is a direction specified by the polar angle θn and azimuthal
angle φn and we have[38],
S LL = [1 − 3P(0; 0, 0)]/2, (3.68)
S xLT = P(0; π/4, π)− P(0; π/4, 0), (3.69)
S yLT = P(0; π/4, 3π/2) − P(0; π/4, π/2), (3.70)
S xxTT = −S
yy
TT = P(0; π/2, π/2)− P(0; π/2, 0), (3.71)
S xyTT = S
yx
TT = P(0; π/2,−π/4)− P(0; π/2, π/4). (3.72)
These relationships are used to calculate the expectations of
these polarization parameters from the differential cross sec-
tion. We will come back to this point later in the next section.
Under this decomposition of the spin density matrix of spin-
1 hadrons, the spin dependent part of the hadronic tensor or
the fragmentation function are divided into two parts, a po-
larization vector S -dependent part and a polarization tensor
T -dependent part,
W (si,pol)µν = W
(si,V pol)
µν (q, p, S , k′⊥) + W (si,T pol)µν (q, p, T, k′⊥).
(3.73)
The S -dependent part W (si,V pol)µν (q, p, S , k′⊥) has exactly the
same form as W (si,V pol)µν (q, p, S , k′⊥) for spin 1/2 particles as
given by Eq. (3.56) where only polarization vector S is needed
to describe the polarization state of the hadron. The tensor
polarization dependent part W (si,T pol)µν (q, p, S , k′⊥) is further di-
vided into S LL, S LT and S TT dependent parts respectively.
W (si,T pol)µν (q, p, T, k′⊥) = W (si,LL)µν (q, p, S LL, k′⊥)+
+ W (si,LT )µν (q, p, S LT , k′⊥) + W (si,TT )µν (q, p, S TT , k′⊥). (3.74)
This part is new for spin-1 hadrons and we present the results
for them in the following.
2. Leading twist contributions
In the Lorentz decompositions of the correlators for vector
mesons, the polarization vectors and tensor S µ, S LL, S µLT and
S µνTT are involved. This makes the decomposition much more
complicated than those for spin-1/2 hadrons where only po-
larization vector S is needed. We therefore first start with the
leading twist contributions in the following. To the leading
twist, we need only to consider Ξ(0)+ and ˜Ξ
(0)
+ , i.e., only the n¯
components of these vectors. We recall that S LL is a Lorentz
scalar, S LT is a vector and S TT is a tensor, so we have one
S LL-dependent term from Ξ(0)α (z, k⊥), i.e.,
zΞ(0)α (z, k⊥) = pαS LL ˆD1LL(z, k⊥) + · · · , (3.75)
and the following S LT and S TT dependent terms,
zΞ(0)α (z, k⊥) = pα
S LT · k⊥
M
ˆD⊥1LT (z, k⊥)
+ pα
k⊥γk⊥δS γδTT
M2
ˆD⊥1TT (z, k⊥) + · · · , (3.76)
z ˜Ξ(0)α (z, k⊥) = pα
ǫk⊥S LT⊥
M
∆ ˆD⊥1LT (z, k⊥)
+ pα
ǫ⊥k⊥γk⊥δS
γδ
TT
M2
∆ ˆD⊥1TT (z, k⊥) + · · · . (3.77)
The corresponding leading twist contributions to the hadronic
tensor can be obtained by inserting Eqs. (3.75-3.77) into
Eq. (2.90). They are given by,
W (si,LL,0)µν (q, p, S LL, k′⊥) = −
2
z
ω(0)µν S LL ˆD1LL(z, k′⊥), (3.78)
W (si,LT,0)µν (q, p, S LT , k′⊥) = −
2
z
[
ω(0)µν
S LT · k′⊥
M
ˆD⊥1LT (z, k′⊥)
−ω˜(0)µν
1
M
ǫ
k′⊥S LT
⊥ ∆
ˆD⊥1LT (z, k′⊥)
]
, (3.79)
W (si,TT,0)µν (q, p, S TT , k′⊥) = −
2
z
[
ω(0)µν
k′⊥αk′⊥βS
αβ
TT
M2
ˆD⊥1TT (z, k′⊥)
−ω˜(0)µν
ǫ⊥k′⊥γk
′
⊥δS
γδ
TT
M2
∆ ˆD⊥1TT (z, k′⊥)
]
, (3.80)
where we use 0 in the superscript to denote that they are just
the leading twist contributions.
We see that, even at leading twist, there are one S LL-, two
S LT - and two S TT -dependent terms in both µ ↔ ν symmetric
and anti-symmetric cases. This shows that even in reactions
with unpolarized electrons and unpolarized positrons, we still
obtain contributions depending on all these three components
S LL, S LT and S TT , for e+ + e− → Z0 → h + q¯ + X as well as
e+ + e− → γ∗ → h + q¯ + X.
Also, we note here that upon integration over d2k′⊥,
W (si,LT,0)µν and W (si,TT,0)µν vanish. We obtain the leading
twist contributions to the corresponding components of the
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hadronic tensor for the inclusive process as,
W (LL,0)µν (q, p, S LL) =
∫ d2k′⊥
(2π)2 W
(si,LL,0)
µν (q, p, S LL, k′⊥)
= −
2
z
ω(0)µν S LL
∫ d2k′⊥
(2π)2
ˆD1LL(z, k′⊥), (3.81)
W (LT,0)µν (q, p, S LT ) =
∫ d2k′⊥
(2π)2 W
(si,LT,0)
µν (q, p, S LT , k′⊥) = 0,
(3.82)
W (TT,0)µν (q, p, S TT ) =
∫ d2k′⊥
(2π)2 W
(si,TT,0)
µν (q, p, S TT , k′⊥) = 0.
(3.83)
This is to compare with Eq. (112) in [15] for the inclusive
process e+ + e− → h + X. We see that the results are exactly
the same and we have,
D1LL(z) =
∫ d2k⊥
(2π)2
ˆD1LL(z, k⊥), (3.84)
similar to other components of the fragmentation function.
3. Twist-3 contributions
Up to twist-3, we need to consider Ξ(0)⊥ , ˜Ξ
(0)
⊥ , Ξ
(1)
⊥+ and ˜Ξ
(1)
⊥+.
The S LL dependent terms are,
zΞ(0)
αLL(z, k⊥) =k⊥αS LL ˆD⊥LL(z, k⊥) + · · · , (3.85)
z ˜Ξ(0)αLL(z, k⊥) =ǫ⊥αk⊥S LL∆ ˆD⊥LL(z, k⊥) + · · · , (3.86)
zΞ(1)ραLL(z, k⊥) =pαk⊥ρS LLξ⊥LL(z, k⊥) + · · · , (3.87)
z ˜Ξ(1)ραLL(z, k⊥) =ipαǫ⊥ρk⊥S LL ˜ξ⊥LL(z, k⊥) + · · · ; (3.88)
the S LT dependent terms are,
zΞ(0)αLT (z, k⊥) = MS LTα ˆDLT (z, k⊥)+
+ k⊥α
k⊥ · S LT
M
ˆD⊥LT (z, k⊥) + · · · , (3.89)
z ˜Ξ(0)
αLT (z, k⊥) = Mǫ⊥αS LT∆ ˆDLT (z, k⊥)+
+ ǫ⊥αk⊥
k⊥ · S LT
M
∆ ˆD⊥LT (z, k⊥) + · · · , (3.90)
zΞ(1)ραLT (z, k⊥) = pα
[
MS LTρ ξLT (z, k⊥)+
+ k⊥ρ
k⊥ · S LT
M
ξ⊥LT (z, k⊥)
]
+ · · · , (3.91)
z ˜Ξ(1)
ραLT (z, k⊥) = ipα
[
Mǫ⊥ρS LT ˜ξLT (z, k⊥)+
+ ǫ⊥ρk⊥k⊥ · S LT ˜ξ⊥LT (z, k⊥)
]
+ · · · ; (3.92)
and the S TT dependent terms are,
zΞ(0)αTT (z, k⊥) = S TTαβkβ⊥ ˆD⊥ATT (z, k⊥)+
+ k⊥α
k⊥γk⊥δS γδTT
M2
ˆD⊥CTT (z, k⊥) + · · · , (3.93)
z ˜Ξ(0)αTT (z, k⊥) = ǫ⊥αβS βγTT k⊥γ∆ ˆD⊥ATT (z, k⊥)+
+ ǫ⊥αk⊥
k⊥γk⊥δS γδTT
M2
∆ ˆD⊥CTT (z, k⊥) + · · · , (3.94)
zΞ(1)
ραTT (z, k⊥) = pα
[
S TTρβkβ⊥ξ⊥ATT (z, k⊥)+
+ k⊥ρ
k⊥γk⊥δS γδTT
M2
ξ⊥CTT (z, k⊥)
]
+ · · · , (3.95)
z ˜Ξ(1)ραTT (z, k⊥) = ipα
[
ǫ⊥ρβS βγTT k⊥γ ˜ξ
⊥A
TT (z, k⊥)+
+ ǫ⊥ρk⊥
k⊥γk⊥δS γδTT
M2
˜ξ⊥CTT (z, k⊥)
]
+ · · · . (3.96)
Again, we use the equation of motion, /Dψ(x) = 0, to relate
these twist 3 fragmentation functions with each other. We get,
1
z
ˆD⊥LL(z, k⊥) = −Re
(
ξ⊥LL(z, k⊥) − ˜ξ⊥LL(z, k⊥)
)
, (3.97)
1
z
∆ ˆD⊥LL(z, k⊥) = −Im
(
ξ⊥LL(z, k⊥) − ˜ξ⊥LL(z, k⊥)
)
, (3.98)
1
z
ˆDLT (z, k⊥) = −Re
(
ξLT (z, k⊥) − ˜ξLT (z, k⊥)
)
, (3.99)
1
z
∆ ˆDLT (z, k⊥) = −Im
(
ξLT (z, k⊥) − ˜ξLT (z, k⊥)
)
, (3.100)
1
z
ˆD⊥LT (z, k⊥) = −Re
(
ξ⊥LT (z, k⊥) − ˜ξ⊥LT (z, k⊥)
)
, (3.101)
1
z
∆ ˆD⊥LT (z, k⊥) = −Im
(
ξ⊥LT (z, k⊥) − ˜ξ⊥LT (z, k⊥)
)
, (3.102)
1
z
ˆD⊥ATT (z, k⊥) = −Re
(
ξ⊥ATT (z, k⊥) − ˜ξ⊥ATT (z, k⊥)
)
, (3.103)
1
z
∆ ˆD⊥ATT (z, k⊥) = −Im
(
ξ⊥ATT (z, k⊥) − ˜ξ⊥ATT (z, k⊥)
)
, (3.104)
1
z
ˆD⊥CTT (z, k⊥) = −Re
(
ξ⊥CTT (z, k⊥) − ˜ξ⊥CTT (z, k⊥)
)
, (3.105)
1
z
∆ ˆD⊥CTT (z, k⊥) = −Im
(
ξ⊥CTT (z, k⊥) − ˜ξ⊥CTT (z, k⊥)
)
. (3.106)
The twist-3 contributions to tensor polarization dependent
parts of the hadronic tensor are finally obtained as,
W (si,LL,1)µν (q, p, S LL, k′⊥) =
2
z
S LL
[
ω(1)µν (tˆ, k′⊥) ˆD⊥LL(z, k′⊥)
− ω˜(1)µν (tˆ, k′⊥)∆ ˆD⊥LL(z, k′⊥)
]
, (3.107)
W (si,LT,1)µν (q, p, S LT , k′⊥) =
2
z
k′⊥ · S LT
M
[
ω(1)µν (tˆ, k′⊥) ˆD⊥LT (z, k′⊥)
− ω˜(1)µν (tˆ, k′⊥)∆ ˆD⊥LT (z, k′⊥)
]
+
2
z
M
[
ω(1)µν (tˆ, S LT ) ˆDLT (z, k′⊥)+
− ω˜(1)µν (tˆ, S LT )∆ ˆDLT (z, k′⊥)
]
, (3.108)
W (si,TT,1)µν (q, p, S TT , k′⊥) =
2
z
k′⊥γk′⊥δS
γδ
TT
M2
×
[
ω(1)µν (tˆ, k′⊥) ˆD⊥CTT (z, k′⊥) − ω˜(1)µν (tˆ, k′⊥)∆ ˆD⊥CTT (z, k′⊥)
]
+
2
z
[
ω(1)µν (tˆ, S TT · k′⊥) ˆD⊥ATT (z, k′⊥)
− ω˜(1)µν (tˆ, S TT · k′⊥)∆ ˆD⊥ATT (z, k′⊥)
]
. (3.109)
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We see that there are two S LL-, four S LT - and four S TT -
dependent twist 3 terms in the hadronic tensor and they are all
addenda to the leading twist contributions. Among them one
S LL-, two S LT - and two S TT -dependent terms are from the
γα component of ˆΞ(0) the other one S LL-, two S LT - and two
S TT -dependent terms are from the γ5γα component of ˆΞ(0). In
e+ + e− → γ∗ → h + q¯ + X, the former are all symmetric
and contribute while the latter are anti-symmetric and do not
contribute to the cross section.
We can also get the corresponding results for the inclusive
process upon integration over d2k′⊥. We see that, after inte-
gration over d2k′⊥, W
(si,LL,1)
µν and W (si,TT,1)µν vanish, only the S LT
dependent term survives, i.e.,
W (LL,1)µν (q, p, S LL) =
∫ d2k′⊥
(2π)2 W
(si,LL,1)
µν (q, p, S LL, k′⊥) = 0,
(3.110)
W (TT,1)µν (q, p, S TT ) =
∫ d2k′⊥
(2π)2 W
(si,TT,1)
µν (q, p, S TT , k′⊥) = 0,
(3.111)
W (LT,1)µν (q, p, S LT ) =
∫ d2k′⊥
(2π)2 W
(si,LT,1)
µν (q, p, S LT , k′⊥)
=
∫ d2k′⊥
(2π)2
2
z
k′⊥ · S LT
M
[
ω(1)µν (tˆ, k′⊥) ˆD⊥LT (z, k′⊥)
− ω˜(1)µν (tˆ, k′⊥)∆ ˆD⊥LT (z, k′⊥)
]
+
∫ d2k′⊥
(2π)2
2
z
M
[
ω(1)µν (tˆ, S LT ) ˆDLT (z, k′⊥)
− ω˜(1)µν (tˆ, S LT )∆ ˆDLT (z, k′⊥)
]
. (3.112)
We compare Eqs. (3.110)-(3.112) with the results given by
Eq. (112) in [15], again we obtain the following relationships,
DLT (z) =
∫ d2k⊥
(2π)2
2
z
[
ˆDLT (z, k⊥) + k
2
⊥
2M2
ˆD⊥LT (z, k⊥)
]
, (3.113)
∆D⊥LT (z) =
∫ d2k⊥
(2π)2
2
z
[
∆ ˆDLT (z, k⊥) + k
2
⊥
2M2
∆ ˆD⊥LT (z, k⊥)
]
.
(3.114)
IV. THE CROSS SECTIONS, AZIMUTHAL
ASYMMETRIES AND POLARIZATIONS
By inserting the hadronic tensors into Eq. (2.1), making
the Lorentz contractions with the leptonic tensor, we obtain
the differential cross section for the semi-inclusive production
process e+ + e− → h + q¯ + X. From the differential cross
section, we can calculate the azimuthal asymmetries and the
polarizations of the hadron produced. We present the results
for hadron with different spins separately in this section.
A. The cross section
We have seen in Sec. III that the hadronic tensor can be ex-
pressed as a sum of a spin independent, a vector polarization
dependent and a tensor polarization dependent part. By insert-
ing them into Eq. (2.1), we obtain the cross section expressed
in the same way, i.e.,
dσ(si)
d3 pd2k′⊥
=
dσ(si,unp)
d3 pd2k′⊥
+
dσ(si,V pol)
d3 pd2k′⊥
+
dσ(si,T pol)
d3 pd2k′⊥
. (4.1)
Usually, it is convenient to introduce a Lorentz boost invari-
ant variable y defined as the light cone momentum fraction of
electron in the collinear frame, i.e., y ≡ l1 · n/k · n = zl+1 /p+ so
that l1 = yp+n¯/z + (1 − y)zQ2n/(2p+) + l⊥, l⊥ = (0, 0, l⊥x, 0),
|~l⊥| = |l⊥x| =
√
y(1 − y)Q. y can be expressed in terms of
the angle θ between the incident electron and the produced
hadron, i.e. between ~l and ~p, as y = (1 + cos θ)/2, in the e+e−
center of mass frame. In terms of y, z and k′⊥, we obtain, in
the collinear frame,
dσ(si)
dydzd2k′⊥
=
dσ(si,unp)
dydzd2k′⊥
+
dσ(si,V pol)
dydzd2k′⊥
+
dσ(si,T pol)
dydzd2k′⊥
. (4.2)
For spinless hadron h, we have only the unpolarized part,
whereas for spin-1/2 hadron, we have the unpolarized and
vector polarization dependent parts, and for spin-1 hadron, we
have the unpolarized, the vector polarization and tensor polar-
ization dependent parts, i.e.,
dσ(si,spin0)
dydzd2k′⊥
=
dσ(si,unp)
dydzd2k′⊥
, (4.3)
dσ(si,spin1/2)
dydzd2k′⊥
=
dσ(si,unp)
dydzd2k′⊥
+
dσ(si,V pol)
dydzd2k′⊥
, (4.4)
dσ(si,spin1)
dydzd2k′⊥
=
dσ(si,unp)
dydzd2k′⊥
+
dσ(si,V pol)
dydzd2k′⊥
+
dσ(si,T pol)
dydzd2k′⊥
. (4.5)
In the following, we calculate these three parts separately.
1. The unpolarized part
By inserting the unpolarized part of the hadronic tensor
given by Eq. (3.13) into Eq. (2.1), we obtain the unpolarized
part of the differential cross section as,
Ep
dσ(si,unp)
d3 pd2k′⊥
=
α2χ
2π2zQ4
{
T q0 (y) ˆD1(z, k′⊥) +
4
zQ2 ·
×
[
T q2 (y)l⊥ · k′⊥ ˆD⊥(z, k′⊥) + T q3 (y)ǫ
l⊥k′⊥
⊥ ∆
ˆD⊥(z, k′⊥)
]}
. (4.6)
Here we use the same notations as those defined in [15], i.e.,
α = e2/4π, χ = Q4/[(Q2 − M2z )2 + Γ2z M2z ] sin4 2θW , and the
coefficient functions are defined as,
T q0 (y) = cq1ce1A(y) − cq3ce3B(y), (4.7)
T q2 (y) = −cq3ce3 + cq1ce1B(y), (4.8)
T q3 (y) = cq1ce3 − cq3ce1B(y), (4.9)
where A(y) = (1 − y)2 + y2 and B(y) = 1 − 2y. In terms of the
angle θ between the incident electron and the produced quark,
A(y) = (1 + cos2 θ)/2 and B(y) = − cos θ.
16
We can also express the differential cross section in terms
of z and y, and we have,
dσ(si,unp)
dydzd2k′⊥
=
α2χ
2πQ2
{
T q0 (y) ˆD1(z, k′⊥) +
4
zQ2
×
[
T q2 (y)l⊥ · k′⊥ ˆD⊥(z, k′⊥) + T q3 (y)ǫ
l⊥k′⊥
⊥ ∆
ˆD⊥(z, k′⊥)
]}
. (4.10)
From Eq. (4.6) or (4.10), we see that for the semi-inclusive
process e+ + e− → Z → h + q¯ + X, for spinless hadron h,
there is one leading twist term and two twist three terms. We
also see that one of the two twist-3 terms is space reflection
even and the other is odd. If we consider e+e− annihilation via
electromagnetic interaction, i.e., e+ + e− → γ∗ → h + q¯ + X,
we have ce3 = c
q
3 = 0, so that T
q
0 (y) = A(y), T q2 (y) = B(y)
and T q3 (y) = 0. In this case, the space-reflection odd term
characterized by ǫl⊥k
′
⊥
⊥ in Eq. (4.6) or (4.10) vanishes, and we
obtain,
dσ(si,unp,em)
dydzd2k′⊥
=
α2e2q
2πQ2
{
A(y) ˆD1(z, k′⊥) +
4l⊥ · k′⊥
zQ2 B(y)
ˆD⊥(z, k′⊥)
}
.
(4.11)
If we integrate over d2k′⊥, both of the twist-3 terms vanish.
The result reduces to exactly the same as we obtained in [15]
for the inclusive process e+ + e− → h + X.
2. The vector polarization dependent part
The vector polarization dependent part can be obtained
by inserting the corresponding vector polarization dependent
hadronic tensor given by Eq. (3.56) into (2.1). We also change
the variables to y, z, k′⊥, and obtain the result as given by,
dσ(si,V pol)
dydzd2k′⊥
=
α2χ
2πQ2
{
T q0 (y)
ǫ
k′⊥S ⊥
⊥
M
ˆD⊥1T (z, k′⊥)
+ T q1 (y)
[
λh∆ ˆD1L(z, k′⊥) +
k′⊥ · S ⊥
M
∆ ˆD⊥1T (z, k′⊥)
]
+
4λh
zQ2
[
T q2 (y)ǫ
l⊥k′⊥
⊥
ˆD⊥L (z, k′⊥) + T q3 (y)l⊥ · k′⊥∆ ˆD⊥L (z, k′⊥)
]
+
4ǫk
′
⊥S ⊥
⊥
zMQ2
[
T q2 (y)l⊥ · k′⊥ ˆD⊥T (z, k′⊥) + T q3 (y)ǫ
l⊥k′⊥
⊥ ∆
ˆD⊥T (z, k′⊥)
]
+
4M
zQ2
[
T q2 (y)ǫl⊥S ⊥⊥ ˆDT (z, k′⊥) + T q3 (y)l⊥ · S ⊥∆ ˆDT (z, k′⊥)
]}
.
(4.12)
Here, as in [15], the new coefficient function is defined as,
T q1 (y) = −cq3ce1A(y) + cq1ce3B(y). (4.13)
We recall that [15] T q0 (y) represents the relative weight for
the production of quark of flavor q at the e+e− annihilation ver-
tex, and Pq(y) = T q1 (y)/T q0 (y) is the longitudinal polarization
of that quark [40]. We see from Eq. (4.12) that, at the leading
twist, there exists two transverse polarization dependent terms
and one longitudinal polarization dependent term. We see in
particular that ˆD⊥1T (z, k′⊥) is nothing else but a counterpart of
Sivers function [39] in fragmentation function. The associated
term is P-even and T-odd. The other two leading twist terms
are P-odd and T-even, hence they contribute only in the case
of weak interaction. Different spin dependent terms exist at
twist 3.
If we integrate over d2k′⊥, all the k′⊥-odd terms vanish and
we obtain the corresponding cross section for the inclusive
process e+ + e− → h + X as,
dσ(si,V pol)
dydz =
2πα2
Q2 χ
{
T1(y)λh
∫ d2k′⊥
(2π)2∆
ˆD1L(z, k′⊥)
+T2(y) 4M
zQ2 ǫ
l⊥S ⊥
⊥
∫ d2k′⊥
(2π)2
[
ˆDT (z, k′⊥) +
k′2⊥
2M2
ˆD⊥T (z, k′⊥)
]
+T3(y) 4M
zQ2 l⊥ · S ⊥
∫ d2k′⊥
(2π)2
[
∆ ˆDT (z, k′⊥) −
k′2⊥
2M2
∆ ˆD⊥T (z, k′⊥)
]}
.
(4.14)
Using the relationships given by Eqs.(3.59) and (3.60), we see
that this is just the corresponding inclusive cross section ob-
tained in [15].
If we consider the e+e−-annihilation via electromagnetic in-
teraction, we have,
dσ(si,V pol,em)
dydzd2k′⊥
=
α2e2q
2πQ2
{
A(y) ǫ
k′⊥S ⊥
⊥
M
ˆD⊥1T (z, k′⊥)
+
4B(y)
zMQ2
[
λhMǫ
l⊥k′⊥
⊥
ˆD⊥L (z, k′⊥)
+ ǫ
k′⊥S ⊥
⊥ l⊥ · k′⊥ ˆD⊥T (z, k′⊥) + M2ǫl⊥S ⊥⊥ ˆDT (z, k′⊥)
]}
. (4.15)
We see that all the space reflection odd terms vanish since they
are parity violating. If we integrate over d2k′⊥, we have,
dσ(si,V pol,em)
dydz =
α2e2q
2πQ2
4M
zQ2 B(y)ǫ
l⊥S ⊥
⊥ DT (z), (4.16)
which is also the same as that obtained in [15].
3. The tensor polarization dependent part
For the tensor polarization dependent part, we express it as
a sum of the S LL, S LT and S TT dependent parts, i.e.,
dσ(si,T pol)
dydzd2k′⊥
=
dσ(si,LL)
dydzd2k′⊥
+
dσ(si,LT )
dydzd2k′⊥
+
dσ(si,TT )
dydzd2k′⊥
. (4.17)
Up to twist-3, each part can be obtained by inserting the corre-
sponding leading twist hadronic tensors Eqs. (3.78-3.80) and
the twist 3 parts given by Eqs. (3.107-3.109) into Eq. (2.1). In
terms of the variable y, z, k′⊥, we obtain the differential cross
section at twist-3 level,
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dσ(si,LL)
dydzd2k′⊥
=
α2χ
2πQ2 S LL
{
T q0 (y) ˆD1LL(z, k′⊥) +
4
zQ2
[
T q2 (y)(l⊥ · k′⊥) ˆD⊥LL(z, k′⊥) + T q3 (y)ǫ
l⊥k′⊥
⊥ ∆
ˆD⊥LL(z, k′⊥)
]}
, (4.18)
dσ(si,LT )
dydzd2k′⊥
=
α2χ
2πQ2 S
α
LT
{
T q0 (y)
k′⊥α
M
ˆD⊥1LT (z, k′⊥) + T q1 (y)
ǫ⊥k′α
M
∆ ˆD⊥1LT (z, k′⊥)
+
4
zQ2 T
q
2 (y)
[(l⊥ · k′⊥)k
′
⊥α
M
ˆD⊥LT (z, k′⊥) + Ml⊥α ˆDLT (z, k′⊥)
]
+
4
zQ2 T
q
3 (y)
[
ǫ
l⊥k′⊥
⊥
k′⊥α
M
∆ ˆD⊥LT (z, k′⊥) + Mǫ⊥lα∆ ˆDLT (z, k′⊥)
]}
, (4.19)
dσ(si,TT )
dydzd2k′⊥
=
α2χ
2πQ2 S
αβ
TT
{
T q0 (y)
k′⊥αk′⊥β
M2
ˆD⊥1TT (z, k′⊥) + T q1 (y)
ǫ⊥k′αk′⊥β
M2
∆ ˆD⊥1TT (z, k′⊥)
+
4
zQ2 T
q
2 (y)
[(l⊥ · k′⊥)k
′
⊥αk′⊥β
M2
ˆD⊥CTT (z, k′⊥) + l⊥αk′⊥β ˆD⊥ATT (z, k′⊥)
]
+
4
zQ2 T
q
3 (y)
[
ǫ
l⊥k′⊥
⊥
k′⊥αk′⊥β
M2
∆ ˆD⊥CTT (z, k′⊥) + ǫ⊥lαk′⊥β∆ ˆD⊥ATT (z, k′⊥)
]}
. (4.20)
We note that we have a leading twist quark polarization independent term [with the same coefficient function T q0 (y)] in each part.
We also have a leading twist but quark longitudinal polarization Pq(y) = T q1 (y)/T q0 (y) dependent term for S LT and S TT dependent
parts. These two terms are both P-odd and T-odd. We also have two twist 3 terms in the S LL dependent part and four terms for
the S LT or S TT dependent part. Here all the terms that contain the four dimensional Levi-Civita tensor are P-odd and T-odd. The
others are P-even and T-even.
By integrating over d2k′⊥ and by using the relationships given by Eqs.(3.113) and (3.114), we obtain the corresponding results
for the inclusive reaction e+ + e− → h + X as given by Eq.(148) in [15].
For electromagnetic process, up to twist-3, the cross section is given by,
dσ(si,LL,em)
dydzd2k′⊥
=
α2e2q
2πQ2 S LL
{
A(y) ˆD1LL(z, k′⊥) +
4B(y)
zQ2 (l⊥ · k
′
⊥) ˆD⊥LL(z, k′⊥)
}
, (4.21)
dσ(si,LT,em)
dydzd2k′⊥
=
α2e2q
2πQ2 S
α
LT
{
A(y)k
′
⊥α
M
ˆD⊥1LT (z, k′⊥) +
4B(y)
zQ2
[ (l⊥ · k′⊥)k′⊥α
M
ˆD⊥LT (z, k′⊥) + Ml⊥α ˆDLT (z, k′⊥)
]}
, (4.22)
dσ(si,TT,em)
dydzd2k′⊥
=
α2e2q
2πQ2 S
αβ
TT
{
A(y)
k′⊥αk′⊥β
M2
ˆD⊥1TT (z, k′⊥) +
4B(y)
zQ2
[ (l⊥ · k′⊥)k′⊥αk′⊥β
M2
ˆD⊥CTT (z, k′⊥) + l⊥αk′⊥β ˆD⊥ATT (z, k′⊥)
]}
, (4.23)
all the space reflection odd terms disappear here because of
parity conservation.
4. Transforming to the jet frame
As we mentioned earlier, all the results presented in last
sections are expressed in the hadron’s collinear frame o-xyz
where the z-axis is taken along the hadron momentum direc-
tion. However, in experiments, one usually takes the “jet
frame” that we denote as the o-XYZ frame, where the jet
direction is taken as the Z-direction, the lepton-jet plane is
taken as XZ-plane and the X direction is chosen so that the X-
component of ~l is positive. In this reference frame, the trans-
verse components of k and k′ are zero while the the momen-
tum of the hadron has a transverse component ~pT . To distin-
guish them from each other, we use the notations as summa-
rized here. In the collinear frame, we use,
p = (Eh, ~0⊥, pz), (4.24)
l1 = (E,~l⊥, lz), ~l⊥ = (lx, 0) = (|~l| sin θ, 0), (4.25)
l2 = (E,−~l⊥,−lz), (4.26)
k = (E,~k⊥, kz), ~k⊥ = |~k⊥|(− cosφ,− sinφ), (4.27)
k′ = (E,−~k⊥,−kz), (4.28)
S = ( pz
M
λh, ~S ⊥,
Eh
M
λh), ~S ⊥ = |~S ⊥|(cosφs, sin φs), (4.29)
while in the jet frame, we use,
p = (Eh, ~pT , pZ), ~pT = |~pT |(cosϕ, sinϕ), (4.30)
l1 = (E,~lT , lZ), ~lT = (lX , 0), (4.31)
l2 = (E,−~lT ,−lZ), (4.32)
k = (E, ~0T , E), (4.33)
k′ = (E, ~0T ,−E), (4.34)
~Ph = (~PhT , PhZ), ~PhT = |~PhT |(cosϕs, sinϕs). (4.35)
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We show the relationship between the two frames in the illus-
trating diagram Fig.3.
hadron production plane
Z
z
lepton-jet plane
lepton-hadron plane
Z
X
Y
O
o
x
y
z
FIG. 3: (color online) Illustrating diagram showing the relationship
between the collinear and the jet frames.
A three vector expressed in these two coordinate systems
are related to each other by a rotation matrix that we denote by
R, i.e., ~Axyz = R~AXYZ . The rotation consists of two steps, R =
R2R1. Here, R1 is a rotation of angle θh around the normal
direction ~en of the hadron production plane, where θh is the
angle between ~p and ~k, i.e. sin θh = 2|~k⊥|/Q. This rotation
turns ~k to be coincide with z axis. R2 represents a rotation
around z axis that turns ~l into xoz-plane. We should note that
both R1 and R2 are small rotations in the sense that they differ
from the unit matrix only by power suppressed factors. In fact,
if we write Ri = 1+ δRi (i=1 and 2), we have, up to 1/Q, that,
δR1 ≈ sin θh

0 0 − cosϕ
0 0 − sinϕ
cosϕ sin ϕ 0
 , (4.36)
δR2 ≈ sin θh

0 − cot θlk sin ϕ 0
cot θlk sinϕ 0
0 0 0
 (4.37)
where the leading terms for cot θlk is cot θlk = (2y −
1)/2√y(1 − y) + · · · . If we write R = 1 + δR, we have
δR ≈ δR1 + δR2.
We note that the second rotation R2 does not change the
scalar products of the transverse components of the momenta
involved here. It can be shown that |~k′⊥| = |~pT/z|. The trans-
verse components of ~l and ~S in the two frames are not equal
~l⊥ , ~lT , ~S ⊥ , ~S T . However, the differences are only at the
power suppressed level. If we stay at the twist-3 level, i.e. we
neglect terms suppressed by 1/Q2, we need to consider,
d2k′⊥ = d2 pT/z2, (4.38)
l⊥ · k′⊥ =
1
z
lT · pT + · · · , (4.39)
l⊥ · S ⊥ = lT · S T − λh
lT · pT
M
+ · · · , (4.40)
k′⊥ · S ⊥ =
1
z
pT · S T − λh
p2T
zM
+ · · · , (4.41)
ǫ
l⊥k′⊥
⊥ =
1
z
ǫ
lT pT
⊥ , ǫ
k′⊥S ⊥
⊥ =
1
z
ǫ
pT S T
⊥ , (4.42)
ǫl⊥S ⊥⊥ = ǫ
lT S T
⊥ −
λh
M
ǫ
lT pT
⊥ + · · · , (4.43)
where the dots denote power suppressed terms.
The different components of the fragmentation function are
all scalar functions of z and |~k′⊥|2 with the normalization such
as that given by Eq. (3.8). Since |~pT | = z|~k′⊥|, if we change the
transverse variable to pT , we need to re-define the fragmenta-
tion function as,
D(z, pT ) = 1
z2
ˆD(z, pT/z) = 1
z2
ˆD(z, k′⊥), (4.44)
so that we have
∑
h
∫
zDq→h(z, pT )dz d
2 pT
(2π)2 = 1. (4.45)
If we consider only the contributions up to 1/Q, we can
simply make the replacements given by Eqs.(4.38-4.43) in
Eqs.(4.10), (4.12), and (4.18-4.20) to obtain the differential
cross sections in the jet frame. We summarize the results here
in the following,
dσ(si,unp)
dzdyd2 pT
=
α2χ
2πQ2
{
T q0 (y)D1(z, pT ) +
4
z2Q2
[
T q2 (y)lT · pT D⊥(z, pT ) + T q3 (y)ǫlT pT⊥ ∆D⊥(z, pT )
]}
, (4.46)
dσ(si,V pol)
dzdyd2 pT
=
α2χ
2πQ2
{
T q0 (y)
ǫ
pT S T
⊥
zM
D⊥1T (z, pT ) + T q1 (y)
[
λh∆D1L(z, pT ) + 1
z
( pT · S T
M
− λh
p2T
M2
)∆D⊥1T (z, pT )
]
+
4λh
z2Q2
[
T q2 (y)ǫlT pT⊥ D⊥L (z, pT ) + T q3 (y)lT · pT∆D⊥L (z, pT )
]
+
4ǫpT S T⊥
z3MQ2
[
T q2 (y)lT · pT D⊥T (z, pT ) + T q3 (y)ǫl⊥pT⊥ ∆D⊥T (z, pT )
]
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+
4M
zQ2
[
T q2 (y)(ǫlT S T⊥ −
λh
M
ǫ
lT pT
⊥ )DT (z, pT ) + T q3 (y)lT · (S T −
λh
M
pT )∆DT (z, pT )]}, (4.47)
dσ(si,LL)
dydzd2 pT
=
α2χ
2πQ2 S LL
{
T q0 (y)D1LL(z, pT ) +
4
z2Q2
[
T q2 (y)(lT · pT )D⊥LL(z, pT ) + T q3 (y)ǫlT pT⊥ ∆D⊥LL(z, pT )
]}
. (4.48)
Because the representation and/or physical meaning of S LT
and S TT in the jet frame are rather complicated, the transfor-
mation of the corresponding components to jet frame does not
bring much so that we do not present the results here. We
will come back to this point when presenting the results for
polarization in next subsection.
If we consider the e+e−-annihilation via electromagnetic in-
teraction, we have,
dσ(si,unp,em)
dzdyd2 pT
=
α2e2q
2πQ2
{
A(y)D1(z, pT )+
+
4
z2Q2 B(y)lT · pT D
⊥(z, pT )
}
, (4.49)
dσ(si,V pol,em)
dzdyd2 pT
=
α2e2q
2πQ2
{
A(y) ǫ
pT S T
⊥
zM
D⊥1T (z, pT )+
+
4
z2Q2 B(y)
[
λhǫ
lT pT
⊥ D
⊥
L (z, pT ) +
ǫ
pT S T
⊥
zM
lT · pT D⊥T (z, pT )
+z(Mǫ lT S T⊥ − λhǫlT pT⊥ )DT (z, pT )
]}
, (4.50)
dσ(si,LL,em)
dydzd2 pT
=
α2e2q
2πQ2 S LL
{
A(y)D1LL(z, pT )+
+
4B(y)
z2Q2 (lT · pT )D
⊥
LL(z, pT )
}
. (4.51)
In terms of the azimuthal angle ϕ and ϕs that are defined
as the azimuthal angle of the hadron momentum ~p and spin ~S
respectively, we have,
lT · pT = −|~lT ||~pT | cosϕ, (4.52)
ǫ
lT pT
⊥ = |
~lT ||~pT | sinϕ, (4.53)
lT · S T − λh
lT · pT
M
= −|~lT ||~PhT | cosϕs, (4.54)
ǫlT S T⊥ −
λh
M
ǫ
lT pT
⊥ = |
~lT ||~PhT | sinϕs, (4.55)
pT · S T − λh
p2T
M
= −|~pT ||~PhT | cos(ϕs − ϕ), (4.56)
ǫ
pT S T
⊥ = |~pT ||~PhT | sin(ϕs − ϕ), (4.57)
where |~lT | = Q
√
y(1 − y) + · · · . We express the unpolarized,
the vector polarization and the S LL dependent parts of the dif-
ferential cross sections in terms of these azimuthal angles. For
e+ + e− → Z → h + q¯ + X, we have,
dσ(si,unp)
dzdyd2 pT
=
α2χ
2πQ2
{
T q0 (y)D1(z, pT ) −
4|~pT |
z2Q
[
˜T q2 (y)D⊥(z, pT ) cosϕ − ˜T q3 (y)∆D⊥(z, pT ) sin ϕ
]}
, (4.58)
dσ(si,V pol)
dzdyd2 pT
=
α2χ
2πQ2
{
T q0 (y)
|~pT |
zM
|~PhT |D⊥1T (z, pT ) sin(ϕs − ϕ) + T q1 (y)
[
λh∆D1L(z, pT ) − |~pT |
zM
|~PhT |∆D⊥1T (z, pT ) cos(ϕs − ϕ)
]
+
4|~pT |
z2Q λh
[
˜T q2 (y)D⊥L (z, pT ) sinϕ − ˜T q3 (y)∆D⊥L (z, pT ) cosϕ
]
−
4|~pT |2
z3MQ |
~PhT |
[
˜T q2 (y)D⊥T (z, pT ) cosϕ − ˜T q3 (y)∆D⊥T (z, pT ) sinϕ
]
sin(ϕs − ϕ)
+
4M
zQ |
~PhT |
[
˜T q2 (y)DT (z, pT ) sinϕs − ˜T q3 (y)∆DT (z, pT ) cosϕs
]}
, (4.59)
dσ(si,LL)
dydzd2 pT
=
α2χ
2πQ2 S LL
{
T q0 (y)D1LL(z, pT ) −
4|~pT |
z2Q
[
˜T q2 (y)D⊥LL(z, pT ) cosϕ − ˜T q3 (y)∆D⊥LL(z, pT ) sin ϕ
]}
. (4.60)
For electromagnetic process, e+ + e− → γ∗ → h + q¯ + X, we have,
dσ(si,unp,em)
dzdyd2 pT
=
α2e2q
2πQ2
{
A(y)D1(z, pT ) − 4|~pT |
z2Q
˜B(y)D⊥(z, pT ) cosϕ
}
, (4.61)
dσ(si,V pol,em)
dzdyd2 pT
=
α2e2q
2πQ2
{
A(y) |~pT |
zM
|~PhT |D⊥1T (z, pT ) sin(ϕs − ϕ)
+ ˜B(y)4M
zQ
[
λh
|~pT |
zM
D⊥L (z, pT ) sinϕ −
|pT |2
z2 M2
|~PhT |D⊥T (z, pT ) sin(ϕs − ϕ) cosϕ + |~PhT |DT (z, pT ) sin ϕs
]}
, (4.62)
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dσ(si,LL,em)
dydzd2 pT
=
α2e2q
2πQ2 S LL
{
A(y)D1LL(z, pT ) − 4|~pT |
z2Q
˜B(y)D⊥LL(z, pT ) cosϕ
}
, (4.63)
where ˜T qi (y) =
√
y(1 − y)T qi (y), and ˜B(y) =
√
y(1 − y)B(y).
The azimuthal symmetries with respect to these two angles
are in principle measurable and we will discuss more in the
following.
lepton jet plane
hadron production plane
kk′
ℓ1
ℓ2
ppT ST
ϕs
ϕ
XY
Z
FIG. 4: (color online) Illustrating diagram showing the definition of
the azimuthal angle ϕ and ϕs in the jet frame.
B. Azimuthal asymmetries
From Eq. (4.58), we see that even for spinless hadrons or in
the unpolarized case, there exist two independent azimuthal
asymmetries at twist-3 level. These asymmetries can be de-
fined as the average values of cosϕ or sin ϕ, i.e.,
Acosϕunp (z, y, pT ) ≡
∫
dϕ cosϕ dσdzdyd2 pT (z, y, pT , ϕ)∫
dϕ dσdzdyd2 pT (z, y, pT , ϕ)
, (4.64)
Asin ϕunp (z, y, pT ) ≡
∫
dϕ sin ϕ dσdzdyd2 pT (z, y, pT , ϕ)∫
dϕ dσdzdyd2 pT (z, y, pT , ϕ)
. (4.65)
They can also be measured by,
Acosϕunp (z, y, pT ) =
dσ
dzdyd2 pT (z, y, pT , ϕ) −
dσ
dzdyd2 pT (z, y, pT , π − ϕ)
2 cos ϕ
π
∫
dϕ dσdzdyd2 pT (z, y, pT , ϕ)
,
(4.66)
Asinϕunp (z, y, pT ) =
dσ
dzdyd2 pT (z, y, pT , ϕ) −
dσ
dzdyd2 pT (z, y, pT , π + ϕ)
2 sin ϕ
π
∫
dϕ dσdzdyd2 pT (z, y, pT , ϕ)
.
(4.67)
If we call z-direction as forward, the x-direction as left, these
two asymmetries can be called left-right (Acosϕunp ) and up-down
Asinϕunp asymmetries respectively. From Eq. (4.58), we obtain,
Acosϕunp (z, y, pT ) = −
2|~pT |
z2Q
∑
q ˜T
q
2 (y)D⊥q→h(z, pT )∑
q T
q
0 (y)Dq→h1 (z, pT )
, (4.68)
Asin ϕunp (z, y, pT ) =
2|~pT |
z2Q
∑
q ˜T
q
3 (y)∆D⊥q→h(z, pT )∑
q T
q
0 (y)Dq→h1 (z, pT )
. (4.69)
If we consider e+ + e− → γ∗ → h + q¯ + X, we have,
Acosϕunp,em(z, y, pT ) = −
2|~pT |
z2Q
˜B(y)∑q e2qD⊥q→h(z, pT )
A(y)∑q e2qDq→h1 (z, pT )
, (4.70)
Asinϕunp,em(z, y, pT ) = 0. (4.71)
We see that only cosϕ-asymmetry (the left-right asymmetry)
can exist while the sin ϕ-asymmetry (the up-down asymme-
try) violates parity conservation and vanishes in the electro-
magnetic process.
From Eq. (4.59), we see also different azimuthal asymme-
tries in the polarized cases. At the leading twist, there are two
azimuthal asymmetries,
Acos(ϕs−ϕ)(z, y, pT ) = −|~PhT | |~pT |2zM
×
∑
q T
q
0 (y)Pq(y)∆D⊥q→h1T (z, pT )∑
q T
q
0 (y)
[
Dq→h1 (z, pT ) + λhPq(y)∆Dq→h1L (z, pT )
] , (4.72)
Asin(ϕs−ϕ)(z, y, pT ) = |~PhT | |~pT |2zM
×
∑
q T
q
0 (y)∆D⊥q→h1T (z, pT )∑
q T
q
0 (y)
[
Dq→h1 (z, pT ) + λhPq(y)∆Dq→h1L (z, pT )
] . (4.73)
If we consider e+ + e− → γ∗ → h + q¯ + X, we have,
Acos(ϕs−ϕ)em (z, y, pT ) = 0, (4.74)
Asin(ϕs−ϕ)em (z, y, pT ) = |~PhT |
|~pT |
2zM
∑
q e
2
q∆D
⊥q→h
1T (z, pT )∑
q e
2
qD
q→h
1 (z, pT )
. (4.75)
Up to twist-3, there exist also other azimuthal asymmetries
in the polarized cases and they can easily be calculated from
the differential cross section. These azimuthal asymmetries
can be studied by measuring the corresponding hadrons with
given spins. For example, from Eq. (4.60), we see that there
is a S LL dependent term contributing to cosϕ and one to sin ϕ.
This means that considering the cosϕ or sin ϕ asymmetry in
e+ + e− → Z0 → V + q¯ + X, we have,
AcosϕV (z, y, pT ) = −
2|~pT |
zQ
×
∑
q ˜T
q
2 (y)
[
D⊥q→V (z, pT ) + S LLD⊥q→VLL (z, pT )
]
∑
q T
q
0 (y)
[
Dq→V1 (z, pT ) + S LLD⊥q→V1LL (z, pT )
] , (4.76)
AsinϕV (z, y, pT ) =
2|~pT |
zQ
×
∑
q ˜T
q
3 (y)
[
∆D⊥q→V (z, pT ) + S LL∆D⊥q→VLL (z, pT )
]
∑
q T
q
0 (y)
[
Dq→V1 (z, pT ) + S LLD⊥q→V1LL (z, pT )
] . (4.77)
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where V denotes a vector meson such as ρ, K∗ and so on. If
we consider e+ + e− → γ∗ → V + q¯ + X, we have,
AcosϕV,em (z, y, pT ) = −
2|~pT |
zQ
˜B(y)
A(y)
×
∑
q e
2
q
[
D⊥q→V (z, pT ) + S LLD⊥q→VLL (z, pT )
]
∑
q e
2
q
[
Dq→V1 (z, pT ) + S LLD⊥q→V1LL (z, pT )
] , (4.78)
Asin ϕV,em(z, y, pT ) = 0. (4.79)
Such studies are usually difficult but are helpful for deep un-
derstanding of fragmentation functions.
Here, in this subsection, in the expressions of the azimuthal
asymmetries given above, we have written out the sum over
the flavor of quarks and use the superscript q → h to denote
the flavor dependence of the fragmentation functions explic-
itly. In the following of this paper, when presenting the ex-
pressions for polarizations, we will write out the sum over
quark flavor explicitly to avoid the confusion that the weight
factors T qi (y) in the numerator and that in the denominator do
not cancel with each other. However, we omit the superscript
q → h in the fragmentation function for brevity.
C. Polarizations
From Eq. (4.47), we see that the polarizations can be mea-
sured in different directions and the results are different. We
discuss them for spin-1/2 and spin-1 hadrons separately in this
section.
1. Spin-1/2 hadron
For spin-1/2 hadrons, the cross section is given by the un-
polarized and the vector polarization dependent parts. The
hadrons produced can possess a vector polarization. The vec-
tor polarization can be given by three components defined in
different frame. The longitudinal component is usually de-
fined with respect to helicity. But there are still two direc-
tions to be chosen. One can measure the transverse polariza-
tion, i.e., measure the polarization in the plane perpendicu-
lar to ~p. This is the case if we study the polarization in the
collinear frame. In this case, we describe the vector polariza-
tion of the spin-1/2 hadrons by the longitudinal component
PLh and two transverse components Phx and Phy. In experi-
ments, one may find it is easier to measure the polarization
along X- and Y-direction in the jet frame. In this case, we de-
scribe the vector polarization of the spin-1/2 hadrons by the
longitudinal component PLh and other two components PhX
and PhY . We should note that these two directions X and Y
are not perpendicular to the helicity direction. Nevertheless,
we can use the three components to describe the polarization
vector ~Ph. We may also study the transverse polarizations in
the normal direction ~en of the production plane and the trans-
verse momentum ~et in the production plane. In this case, we
describe the polarization vector ~Ph by the three components
PLh, Phn = ~en · ~Ph and Pht = ~et · ~Ph. From Eq. (4.47), we see
that the differential cross section contains terms proportional
to lT · S T , ǫlT S T⊥ , pT · S T , and ǫ
pT S T
⊥ . This means that it might
make sense to measure polarization with respect to lT (lepton-
hadron plane) or pT (production plane or hadron-jet plane).
We present the results in the three cases in the following.
In the helicity-collinear frame: In this frame, we consider
the longitudinal polarization PLh defined with respect to the
helicity and two transverse components Phx and Phy perpen-
dicular to the helicity direction, i.e., in the x and y directions.
The results can most convenient be obtained from the expres-
sion of the differential cross section in the collinear frame.
From Eq. (4.12), we obtain, at the leading twist,
P(0)Lh (y, z, k′⊥) =
∑
q T
q
0 (y)Pq(y)∆ ˆD1L(z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.80)
P(0)hx (y, z, k′⊥) = −
∑
q T
q
0 (y)
[
k′y ˆD⊥1T (z, k′⊥) + Pq(y)k′x∆ ˆD⊥1T (z, k′⊥)
]
M
∑
q T
q
0 (y) ˆD1(z, k′⊥)
,
(4.81)
P(0)hy (y, z, k′⊥) =
∑
q T
q
0 (y)
[
k′x ˆD⊥1T (z, k′⊥) − Pq(y)k′y∆ ˆD⊥1T (z, k′⊥)
]
M
∑
q T
q
0 (y) ˆD1(z, k′⊥)
.
(4.82)
Here, the superscript (0) is used to denote leading twist. We
see that even at the leading twist, we have the longitudinal
polarization proportional to the quark polarization Pq(y) =
T q1 (y)/T q0 (y) and transverse polarizations depending on the
transverse direction of the hadron momentum.
Up to twist 3, we have,
PLh(y, z, k′⊥) = P(0)Lh (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
4
zQ
∑
q
[
˜T q2 (y)k′y ˆD⊥L (z, k′⊥) − ˜T q3 (y)k′x∆ ˆD⊥L (z, k′⊥)
]
∑
q T
q
0 (y) ˆD1(z, k′⊥)
,
(4.83)
Phx(y, z, k′⊥) = P(0)hx (y, z, k′⊥)
[
1 +
M
Q
ˆ∆(y, z, k′⊥)
]
+
4k′y
zQ
∑
q
[
˜T q2 (y)k′x ˆD⊥T (z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥T (z, k′⊥)
]
M
∑
q T
q
0 (y) ˆD1(z, k′⊥)
−
4M
zQ
∑
q ˜T
q
3 (y)∆ ˆDT (z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.84)
Phy(y, z, k′⊥) = P(0)hy (y, z, k′⊥)
[
1 +
M
Q
ˆ∆(y, z, k′⊥)
]
−
4k′x
zQ
∑
q
[
˜T q2 (y)k′x ˆD⊥T (z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥T (z, k′⊥)
]
M
∑
q T
q
0 (y) ˆD1(z, k′⊥)
+
4M
zQ
∑
q ˜T
q
2 (y) ˆDT (z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.85)
where the incremental factor ˆ∆ is due to the twist 3 contribu-
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tions to the unpolarized cross section and is given by,
ˆ∆(y, z, k′⊥) =
4
∑
q
[
˜T q2 (y)k′x ˆD⊥(z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥(z, k′⊥)
]
zM
∑
q T
q
0 (y) ˆD1(z, k′⊥)
.
(4.86)
We see that in addition to the incrementation due to twist-3
contributions to the unpolarized cross section, there are twist-
3 contributions to all the three components of the polarization
due to spin-dependent twist 3 fragmentation functions. How-
ever, if we integrate over the transverse directions, we have, at
the leading twist
P(0)Lh (y, z, |~k′⊥|) = P(0)Lh (y, z, k′⊥), (4.87)
P(0)hx (y, z, |~k′⊥|) = 0, (4.88)
P(0)hy (y, z, |~k′⊥|) = 0, (4.89)
and up to twist 3,
PLh(y, z, |~k′⊥|) = P(0)Lh (y, z, k′⊥), (4.90)
Phx(y, z, |~k′⊥|) = −
4M
zQ
∑
q ˜T
q
3 (y)
[
∆ ˆDT (z, k′⊥) − k
′2
⊥
2M2∆
ˆD⊥T (z, k′⊥)
]
∑
q T
q
0 (y) ˆD1(z, k′⊥)
,
(4.91)
Phy(y, z, |~k′⊥|) =
4M
zQ
∑
q ˜T
q
2 (y)
[
ˆDT (z, k′⊥) + k
′2
⊥
2M2
ˆD⊥T (z, k′⊥)
]
∑
q T
q
0 (y) ˆD1(z, k′⊥)
.
(4.92)
We see that the transverse polarizations exist only at the twist
3 if we integrate over the azimuthal angle of the produced
hadron.
We can change the variable k′⊥ to pT to obtain the polariza-
tion as function of the measurable quantities z, y and pT . For
this purpose, we need to find out the relationships between the
two components of k′⊥ and those of pT . From Eq. (4.37), we
obtain that,
zk′x = pX −
(2y − 1)p2Y
zQ√y(1 − y) + . . . , (4.93)
zk′y = pY +
(2y − 1)pX pY
zQ√y(1 − y) + . . . , (4.94)
where the dots denote the even more power suppressed terms.
We see that, at the leading twist, we need only to replace k′⊥
by pT/z and obtain,
P(0)Lh (y, z, pT ) =
∑
q T
q
0 (y)Pq(y)∆D1L(z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.95)
P(0)hx (y, z, pT ) = −
∑
q T
q
0 (y)
[
pY D⊥1T (z, pT ) + Pq(y)pX∆D⊥1T (z, pT )
]
zM
∑
q T
q
0 (y)D1(z, pT )
,
(4.96)
P(0)hy (y, z, pT ) =
∑
q T
q
0 (y)
[
pX D⊥1T (z, pT ) − Pq(y)pY∆D⊥1T (z, pT )
]
zM
∑
q T
q
0 (y)D1(z, pT )
.
(4.97)
However, up to twist 3, we need to keep the next order of
the power suppressed terms in Eqs. (4.93) and (4.94) when
substitute k′x and k′y in the leading twist contributions. In this
case, we obtain,
PLh(y, z, pT ) = P(0)Lh (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+
4
z2Q
∑
q
[
˜T q2 (y)pY D⊥L (z, pT ) − ˜T q3 (y)pX∆D⊥L (z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
,
(4.98)
Phx(y, z, pT ) = P(0)hx (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
− P(0)hy (y, z, pT )
(2y − 1)pY
zQ√y(1 − y)
+
4pY
z3Q
∑
q
[
˜T q2 (y)pXD⊥T (z, pT ) − ˜T q3 (y)pY∆D⊥T (z, pT )
]
M
∑
q T
q
0 (y)D1(z, pT )
−
4M
zQ
∑
q ˜T
q
3 (y)∆DT (z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.99)
Phy(y, z, pT ) = P(0)hy (y, z, pT )
[
1 +
M
Q ∆(y, z, pT )
]
+ P(0)hx (y, z, pT )
(2y − 1)pY
zQ√y(1 − y)
−
4pX
z3Q
∑
q
[
˜T q2 (y)pXD⊥T (z, pT ) − ˜T q3 (y)pY∆D⊥T (z, pT )
]
M
∑
q T
q
0 (y)D1(z, pT )
+
4M
zQ
∑
q ˜T
q
2 (y)DT (z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.100)
where ∆(y, z, pT ) is obtained by replacing k′⊥ with pT in the
expression of ˆ∆(y, z, k′⊥), i.e.,
∆(y, z, pT ) =
4
∑
q
[
˜T q2 (y)pXD⊥(z, pT ) − ˜T q3 (y)pY∆D⊥(z, pT )
]
z2 M
∑
q T
q
0 (y)D1(z, pT )
.
(4.101)
The extra term proportional to P(0)hy in Phxand that propor-
tional to P(0)hx in Phy are due to the power suppressed terms
in Eqs. (4.93) and (4.94).
If we consider e+ + e− → γ∗ → h + q¯ + X, we have, at the
leading twist,
P(0,em)Lh (y, z, k′⊥) = 0, (4.102)
P(0,em)hx (y, z, k′⊥) = −
k′y
M
∑
q e
2
q ˆD⊥1T (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
, (4.103)
P(0,em)hy (y, z, k′⊥) =
k′x
M
∑
q e
2
q ˆD⊥1T (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
. (4.104)
and up to twist 3,
P(em)Lh (y, z, k′⊥) =
4k′y
zQ
˜B(y)
A(y)
∑
q e
2
q ˆD⊥L (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.105)
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P(em)hx (y, z, k′⊥) = P(0,em)hx (y, z, k′⊥)
[
1 + MQ
ˆ∆em(y, z, k′⊥)
]
+
4k′xk′y
zQM
˜B(y)
A(y)
∑
q e
2
q ˆD⊥T (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
, (4.106)
P(em)hy (y, z, k′⊥) = P(0,em)hy (y, z, k′⊥)
[
1 +
M
Q
ˆ∆em(y, z, k′⊥)
]
−
4k′2x
zQM
˜B(y)
A(y)
∑
q e
2
q ˆD⊥T (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
+
4M
zQ
˜B(y)
A(y)
∑
q e
2
q ˆDT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.107)
where the incremental factor ˆ∆em reduces to,
ˆ∆em(y, z, k′⊥) =
4k′x
zM
˜B(y)
A(y)
∑
q e
2
q ˆD⊥(z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
. (4.108)
In terms of y, z and pT , we have, at the leading twist,
P(0,em)Lh (y, z, pT ) = 0, (4.109)
P(0,em)hx (y, z, pT ) = −
pY
zM
∑
q e
2
qD⊥1T (z, pT )∑
q e
2
qD1(z, pT )
, (4.110)
P(0,em)hy (y, z, pT ) =
pX
zM
∑
q e
2
qD⊥1T (z, pT )∑
q e
2
qD1(z, pT )
. (4.111)
And up to twist 3,
P(em)Lh (y, z, pT ) =
4pY
z2Q
˜B(y)
A(y)
∑
q e
2
qD⊥L (z, pT )∑
q e
2
qD1(z, pT )
, (4.112)
P(em)hx (y, z, pT ) = P(0,em)hx (y, z, pT )
[
1 + MQ ∆
em(y, z, pT )
]
− P(0,em)hy (y, z, pT )
(2y − 1)pY
zQ√y(1 − y)
+
4pX pY
z3QM
˜B(y)
A(y)
∑
q e
2
qD⊥T (z, pT )∑
q e
2
qD1(z, pT )
, (4.113)
P(em)hy (y, z, pT ) = P(0,em)hy (y, z, pT )
[
1 +
M
Q ∆
em(y, z, pT )
]
+ P(0,em)hx (y, z, pT )
(2y − 1)pY
zQ√y(1 − y)
−
4p2X
z3QM
˜B(y)
A(y)
∑
q e
2
qD⊥T (z, pT )∑
q e
2
qD1(z, pT )
+
4M
zQ
˜B(y)
A(y)
∑
q e
2
qDT (z, pT )∑
q e
2
qD1(z, pT )
, (4.114)
where the incremental factor is given by,
∆em(y, z, pT ) = 4pX
z2 M
˜B(y)
A(y)
∑
q e
2
qD⊥(z, pT )∑
q e
2
qD1(z, pT )
. (4.115)
We see that for e++e− → γ∗ → h+ q¯+X, the longitudinal po-
larization exists only at twist 3. There is however leading twist
transverse polarization proportional to D⊥1T (z, pT ), the coun-
terpart of the Sivers function in fragmentation function.
In terms of (PLh, Phn, Pht): From Eq. (4.12), we see
that the ˆD⊥1T (z, k′⊥)-term contributes to the transverse polar-
ization just in the direction of ~en = (k′y~ex − k′x~ey)/|~k′⊥| while
the ∆ ˆD⊥1T (z, k′⊥)-term contributes in the transverse direction
~et = (k′x~ex + k′y~ey)/|~k′⊥| in the production plane. In other words,
if we consider Phn = ~en · ~Ph and Pht = ~et · ~Ph, we obtain, at the
leading twist,
P(0)hn (y, z, k′⊥) = −
|~k′⊥|
M
∑
q T
q
0 (y) ˆD⊥1T (z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.116)
P(0)ht (y, z, k′⊥) = −
|~k′⊥|
M
∑
q Pq(y)T q0 (y)∆ ˆD⊥1T (z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
. (4.117)
We see that each of them just proportional to one leading twist
spin dependent component of the fragmentation function de-
fined by Eqs. (3.42-3.43). Up to twist 3, we have,
Phn(y, z, k′⊥) = P(0)hn (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
4|~k′⊥|
zQ
∑
q
[
˜T q2 (y)k′x ˆD⊥T (z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥T (z, k′⊥)
]
M
∑
q T
q
0 (y) ˆD1(z, k′⊥)
−
4M
zQ
∑
q
[
˜T q2 (y)k′x ˆDT (z, k′⊥) + ˜T q3 (y)k′y∆ ˆDT (z, k′⊥)
]
|~k′⊥|
∑
q T
q
0 (y) ˆD1(z, k′⊥)
,
(4.118)
Pht(y, z, k′⊥) = P(0)ht (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
4M
zQ
∑
q
[
˜T q2 (y)k′y ˆDT (z, k′⊥) − ˜T q3 (y)k′x∆ ˆDT (z, k′⊥)
]
|~k′⊥|
∑
q T
q
0 (y) ˆD1(z, k′⊥)
.
(4.119)
In terms of y, z and PT , we have, at the leading twist,
P(0)hn (y, z, pT ) = −
|~pT |
zM
∑
q T
q
0 (y)D⊥1T (z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.120)
P(0)ht (y, z, pT ) = −
|~pT |
zM
∑
q Pq(y)T q0 (y)∆D⊥1T (z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.121)
and up to twist 3,
Phn(y, z, pT ) = P(0)hn (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+
4|~pT |
z3Q
∑
q
[
˜T q2 (y)pXD⊥T (z, pT ) − ˜T q3 (y)pY∆D⊥T (z, pT )
]
M
∑
q T
q
0 (y)D1(z, pT )
−
4M
zQ
∑
q
[
˜T q2 (y)pXDT (z, pT ) + ˜T q3 (y)pY∆DT (z, pT )
]
|~pT |
∑
q T
q
0 (y)D1(z, pT )
,
(4.122)
Pht(y, z, pT ) = P(0)ht (y, z, pT )
[
1 +
M
Q ∆(y, z, pT )
]
24
+
4M
zQ
∑
q
[
˜T q2 (y)pY DT (z, pT ) − ˜T q3 (y)pX∆DT (z, pT )
]
|~pT |
∑
q T
q
0 (y)D1(z, pT )
.
(4.123)
If we consider e+ + e− → γ∗ → h + q¯ + X, we have, at the
leading twist,
P(0,em)hn (y, z, k′⊥) = −
|~k′⊥|
M
∑
q e
2
q
ˆD⊥1T (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
, (4.124)
P(0,em)ht (y, z, k′⊥) = 0. (4.125)
And up to twist 3,
P(em)hn (y, z, k′⊥) = P(0,em)hn (y, z, k′⊥)
[
1 + MQ
ˆ∆em(y, z, k′⊥)
]
+
4|~k′⊥|k′x
zQM
˜B(y)
A(y)
∑
q e
2
q ˆD⊥T (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
−
4Mk′x
zQ|~k′⊥|
˜B(y)
A(y)
∑
q e
2
q
ˆDT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.126)
P(em)ht (y, z, k′⊥) =
4Mk′y
zQ|~k′⊥|
˜B(y)
A(y)
∑
q e
2
q
ˆDT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
. (4.127)
In terms of y, z and pT , we have, at the leading twist,
P(0,em)hn (y, z, pT ) = −
|~pT |
zM
∑
q e
2
qD⊥1T (z, pT )∑
q e
2
qD1(z, pT )
, (4.128)
P(0,em)ht (y, z, pT ) = 0. (4.129)
And up to twist 3,
P(em)hn (y, z, pT ) = P(0,em)hn (y, z, pT )
[
1 + MQ ∆
em(y, z, pT )
]
+
4|~pT |pX
z3QM
˜B(y)
A(y)
∑
q e
2
qD⊥T (z, pT )∑
q e
2
qD1(z, pT )
−
4MpX
zQ|~pT |
˜B(y)
A(y)
∑
q e
2
qDT (z, pT )∑
q e
2
qD1(z, pT )
, (4.130)
P(em)ht (y, z, pT ) =
4MpY
zQ|~pT |
˜B(y)
A(y)
∑
q e
2
qDT (z, pT )∑
q e
2
qD1(z, pT )
. (4.131)
We see that, expressed in this way, the leading twist contri-
bution has only one transverse polarization proportional to
D⊥1T (z, pT ) and is along the normal of the production plane.
In the helicity-jet frame: We can also study the polarization
in the jet frame where we calculate the longitudinal compo-
nent PLh with respect to helicity and other two components
along X and Y directions. The results for the longitudinal
component PLh are the same as those presented in last sec-
tion. We present the results for PhX and PhY in the following.
At the leading twist, they are given by,
P(0)hX(y, z, pT ) = −
∑
q T
q
0 (y)
[
pY D⊥1T (z, pT ) + Pq(y)pX∆D⊥1T (z, pT )
]
zM
∑
q T
q
0 (y)D1(z, pT )
,
(4.132)
P(0)hY (y, z, pT ) =
∑
q T
q
0 (y)
[
pXD⊥1T (z, pT ) − Pq(y)pY∆D⊥1T (z, pT )
]
zM
∑
q T
q
0 (y)D1(z, pT )
,
(4.133)
and up to twist-3, we have,
PhX(y, z, pT ) = P(0)hX(y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+
+
4pY
z3Q
∑
q
[
˜T q2 (y)pXD⊥T (z, pT ) − ˜T q3 (y)pY∆D⊥T (z, pT )
]
M
∑
q T
q
0 (y)D1(z, pT )
−
2
zQ
∑
q
[
2M ˜T q3 (y)∆DT (z, pT ) − pXT q1 (y)∆D1L(z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
,
(4.134)
PhY (y, z, pT ) = P(0)hY (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+
−
4pX
z3Q
∑
q
[
˜T q2 (y)pXD⊥T (z, pT ) − ˜T q3 (y)pY∆D⊥T (z, pT )
]
M
∑
q T
q
0 (y)D1(z, pT )
+
2
zQ
∑
q
[
2M ˜T q2 (y)DT (z, pT ) + pYT q1 (y)∆D1L(z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
.
(4.135)
If we integrate over ϕ, we obtain,
PhX(y, z, |~pT |) = −4M
zQ
×
∑
q ˜T
q
3 (y)
[
∆DT (z, pT ) − p
2
T
2z2 M2∆D
⊥
T (z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
, (4.136)
PhY (y, z, |~pT |) = 4M
zQ
×
∑
q ˜T
q
2 (y)
[
∆DT (z, pT ) + p
2
T
2z2 M2∆D
⊥
T (z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
. (4.137)
If we consider the e+e−-annihilation via electromagnetic in-
teraction, we have,
P(em)hX (y, z, pT ) = −
pY
zM
∑
q e
2
qD⊥1T (z, pT )∑
q e
2
qD1(z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
+
4pX pY
z3 MQ
˜B(y)
A(y)
∑
q e
2
qD⊥T (z, pT )∑
q e
2
qD1(z, pT )
, (4.138)
P(em)hY (y, z, pT ) =
pX
zM
∑
q e
2
qD⊥1T (z, pT )∑
q e
2
qD1(z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
+
4M
zQ
˜B(y)
A(y)
∑
q e
2
q
[
DT (z, pT ) − p
2
X
z2 M2 D
⊥
T (z, pT )
]
∑
q e
2
qD1(z, pT )
. (4.139)
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Upon integration over the azimuthal angle ϕ, we obtain,
P(em)hX (y, z, |~pT |) = 0, (4.140)
P(em)hY (y, z, |~pT |) =
4M
zQ
˜B(y)
A(y)
∑
q e
2
q
[
DT (z, pT ) + p
2
T
2z2 M2 D
⊥
T (z, pT )
]
∑
q e
2
qD1(z, pT )
.
(4.141)
We compare these results with those in the collinear frame
and we see that at the leading twist they are the same, i.e., i.e.
P(0)hx = P
(0)
hX and P
(0)
hy = P
(0)
hY . However, there exist differences at
twist-3, and they are given by,
PhX(y, z, pT ) − Phx(y, z, pT ) = 2pX
zQ P
(0)
Lh (y, z, pT )
+ P(0)hy (y, z, pT )
(2y − 1)pY
zQ√y(1 − y) , (4.142)
PhY (y, z, pT ) − Phy(y, z, pT ) = 2pY
zQ P
(0)
Lh (y, z, pT )
− P(0)hx (y, z, pT )
(2y − 1)pY
zQ√y(1 − y) . (4.143)
Summary and discussions: As a brief summary of the re-
sults presented in this sub-section for polarization of hadron
with spin-1/2, we note that, although the polarization can be
equally studied by measuring (PLh, Phx, Phy) or (PLh, PhX ,
PhY ) or (PLh, Phn, Pht), the expressions obtained above seem
to show that (PLh, Phn, Pht) are most suitable to use when
studying the corresponding components of the fragmenta-
tion function. We see in particular that at the leading twist
there are three spin dependent components of the fragmen-
tation function, i.e., ∆D1L, D⊥1T and ∆D⊥1T , are involved in
e+ + e− → h + q¯ + X. From Eqs. (4.95-4.121), we see that
the three components, P(0)Lh , P
(0)
hn and P
(0)
ht , of the polarization
are just determined by each of them respectively. We also re-
call that the physical significances of these three leading twist
spin dependent components of the fragmentation function are
rather clear. More precisely, ∆Dq→h1L describes the spin transfer
of the fragmenting quark q to the produced hadron h for the
case that q is longitudinally polarized. The other two compo-
nents D⊥q→h1T and ∆D
⊥q→h
1T describe the induced transverse po-
larization in the fragmentation in the case that the fragment-
ing quark q is unpolarized or is longitudinally polarized re-
spectively. We recall further that ∆Dq→h1L corresponds to the
helicity distribution g1L(x, k⊥) in parton distribution function,
D⊥q→h1T and ∆D
⊥q→h
1T correspond to Sivers function f⊥1T (x, k⊥)
and worm-gear or tran-helicity distribution g⊥1T (x, k⊥) respec-
tively. Each of them has a clear counterpart in the parton
distribution and clear physical meaning. Since the quark and
anti-quark are longitudinally polarized in Z-decay, e+e− anni-
hilation at Z pole provides an ideal place to study these com-
ponents of fragmentation function.
We see also that, for reaction via electromagnetic interac-
tion, i.e., e+ + e− → γ∗ → h + q¯ + X, Pq(y) = 0 and parity
violating terms disappear. The results reduce to those given
Eqs. (4.109-4.129) where the only nonzero component of the
polarization at the leading twist is P(0)hn . In this case, for PLh
and Pht, the twist 3 contributions are the leading contributions
so that they can be better studied via precise measurements.
2. Spin-1 hadrons
For spin-1 hadrons, the polarization is described by the vec-
tor polarization and the tensor polarization. The vector polar-
ization is exactly the same as that for spin-1/2 hadrons pre-
sented in last section. In this section, we present the results
for tensor polarization in the following.
Similar to those for the vector polarization, different com-
ponents of the tensor polarization can also be expressed in dif-
ferent coordinate system. Usually the longitudinal direction is
just taken as the helicity direction, but the transverse direc-
tions have different choices. However, as can be seen in last
subsection for vector polarized case, there will be mixtures of
different components if we choose helicity as the longitudinal
direction but X and Y as the transverse directions since the he-
licity direction is neither orthogonal to X nor to Y-direction.
This makes the study much more complicated and the phys-
ical meaning even unclear. According to experiences in the
case of vector polarization, we choose two different cases for
the transverse directions, i.e. x and y directions or ~en and ~et
and present the corresponding results in the following.
The expectations of different components of the tensor po-
larization is calculated using the differential cross section and
the results given by Eqs. (3.68)-(3.72). For example, if the
hadron is in the eigenstate |0; 0, 0〉, we have λh = 0, ~S ⊥ = ~0,
~S LT = 0, S xxTT = S
xy
TT = 0, S LL = −1. From Eqs.Eqs. (4.18-
4.20), we obtain immediately, at the leading twist,
P(0)(0; 0, 0) =
∑
q T
q
0 (y)
[
ˆD1(z, k′⊥) − ˆDq1LL(z, k′⊥)
]
3
∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.144)
and from Eq.(3.68), we obtain,
S (0)LL(y, z, k′⊥) =
∑
q T
q
0 (y) ˆD1LL(z, k′⊥)
2
∑
q T
q
0 (y) ˆD1(z, k′⊥)
. (4.145)
Up to twist-3, we have,
S LL(y, z, k′⊥) = S (0)LL(y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
−
∑
q 2
[
˜T q2 (y)k′x ˆD⊥LL(z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥LL(z, k′⊥)
]
zQ∑q T q0 (y) ˆD1(z, k′⊥) . (4.146)
We see that S LL has both leading and twist 3 contributions and neither of the contributions depend on the polarization Pq(y) of
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the fragmenting quark. The leading twist contribution is determined by ˆD1LL(z, k′⊥) while the twist 3 contributions depend on
two components, ˆD⊥LL(z, k′⊥) and ∆ ˆD⊥LL(z, k′⊥).
We can also change the variable k′⊥ to pT and obtain,
S (0)LL(y, z, pT ) =
∑
q T
q
0 (y)D1LL(z, pT )
2
∑
q T
q
0 (y)D1(z, pT )
, (4.147)
S LL(y, z, pT ) = S (0)LL(y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
−
∑
q 2
[
˜T q2 (y)pXD⊥LL(z, pT ) − ˜T q3 (y)pY∆D⊥LL(z, pT )
]
z2Q∑q T q0 (y)D1(z, pT ) . (4.148)
Other components can also be calculated in the same way from Eqs. (4.18-4.20). At the leading twist, in the collinear frame,
we have,
S x(0)LT (y, z, k′⊥) = −
2
∑
q
[
T q0 (y)k′x ˆD⊥1LT (z, k′⊥) + T q1 (y)k′y∆ ˆD⊥1LT (z, k′⊥)
]
3M ∑q T q0 (y) ˆD1(z, k′⊥) , (4.149)
S y(0)LT (y, z, k′⊥) = −
2
∑
q
[
T q0 (y)k′y ˆD⊥1LT (z, k′⊥) − T q1 (y)k′x∆ ˆD⊥1LT (z, k′⊥)
]
3M ∑q T q0 (y) ˆD1(z, k′⊥) , (4.150)
S xy(0)TT (y, z, k′⊥) =
2
∑
q
[
2T q0 (y)k′xk′y ˆD⊥1TT (z, k′⊥) − T q1 (y)(k′2x − k′2y )∆ ˆD⊥1TT (z, k′⊥)
]
3M2 ∑q T q0 (y) ˆD1(z, k′⊥) , (4.151)
S xx(0)TT (y, z, k′⊥) =
2
∑
q
[
T q0 (y)(k′2x − k′2y ) ˆD⊥1TT (z, k′⊥) + 2T q1 (y)k′xk′y∆ ˆD⊥1TT (z, k′⊥)
]
3M2 ∑q T q0 (y) ˆD1(z, k′⊥) . (4.152)
Up to twist-3, we have,
S xLT (y, z, k′⊥) = S x(0)LT (y, z, k′⊥)
[
1 +
M
Q
ˆ∆(y, z, k′⊥)
]
+
8∑q[ ˜T q2 (y)k′2x ˆD⊥LT (z, k′⊥) − ˜T q3 (y)k′xk′y∆ ˆD⊥LT (z, k′⊥) − M2 ˜T q2 (y) ˆDLT (z, k′⊥)
]
3zMQ∑q T q0 (y) ˆD1(z, k′⊥) , (4.153)
S yLT (y, z, k′⊥) = S y(0)LT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8∑q[ ˜T q2 (y)k′xk′y ˆD⊥LT (z, k′⊥) − ˜T q3 (y)k′2y ∆ ˆD⊥LT (z, k′⊥) + M2 ˜T q3 (y)∆ ˆDLT (z, k′⊥)
]
3zMQ∑q T q0 (y) ˆD1(z, k′⊥) , (4.154)
S xyTT (y, z, k′⊥) = S xy(0)TT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8
3zM2Q∑q T q0 (y) ˆD1(z, k′⊥)
×
∑
q
{
2k′xk′y
[
− ˜T q2 (y)k′x ˆD⊥CTT (z, k′⊥) + ˜T q3 (y)k′y∆ ˆD⊥CTT (z, k′⊥)
]
+ M2
[
˜T q2 (y)k′y ˆD⊥ATT (z, k′⊥) − ˜T q3 (y)k′x∆ ˆD⊥ATT (z, k′⊥)
]}
, (4.155)
S xxTT (y, z, k′⊥) = S xx(0)TT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8
3zM2Q∑q T q0 (y) ˆD1(z, k′⊥)
×
∑
q
{
(k′2x − k′2y )
[
− ˜T q2 (y)k′x ˆD⊥CTT (z, k′⊥) + ˜T q3 (y)k′y∆ ˆD⊥CTT (z, k′⊥)
]
+ M2
[
˜T q2 (y)k′x ˆD⊥ATT (z, k′⊥) + ˜T q3 (y)k′y∆ ˆD⊥ATT (z, k′⊥)
]}
. (4.156)
In terms of y, z and pT , at the leading twist, we have,
S x(0)LT (y, z, pT ) = −
2
∑
q
[
T q0 (y)pXD⊥1LT (z, pT ) + T q1 (y)pY∆D⊥1LT (z, pT )
]
3zM ∑q T q0 (y)D1(z, pT ) , (4.157)
S y(0)LT (y, z, pT ) = −
2
∑
q
[
T q0 (y)pY D⊥1LT (z, pT ) − T q1 (y)pX∆D⊥1LT (z, pT )
]
3zM ∑q T q0 (y)D1(z, pT ) , (4.158)
S xy(0)TT (y, z, pT ) =
2
∑
q
[
2T q0 (y)pX pY D⊥1TT (z, pT ) − T q1 (y)(p2X − p2Y )∆D⊥1TT (z, pT )
]
3z2M2 ∑q T q0 (y)D1(z, pT ) , (4.159)
27
S xx(0)TT (y, z, pT ) =
2
∑
q
[
T q0 (y)(p2X − p2Y)D⊥1TT (z, pT ) + 2T q1 (y)pX pY∆D⊥1TT (z, pT )
]
3z2M2 ∑q T q0 (y)D1(z, pT ) . (4.160)
Up to twist-3, we have
S xLT (y, z, pT ) =S x(0)LT (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
− S y(0)LT (y, z, pT )
(2y − 1)pY
zQ√y(1 − y)+
+
8∑q[ ˜T q2 (y)p2XD⊥LT (z, pT ) − ˜T q3 (y)pX pY∆D⊥LT (z, pT ) − z2 M2 ˜T q2 (y)DLT (z, pT )
]
3z3MQ∑q T q0 (y)D1(z, pT ) , (4.161)
S yLT (y, z, pT ) =S y(0)LT (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+ S x(0)LT (y, z, pT )
(2y − 1)pY
zQ√y(1 − y)+
+
8∑q[ ˜T q2 (y)pX pY D⊥LT (z, pT ) − ˜T q3 (y)p2Y∆D⊥LT (z, pT ) + z2 M2 ˜T q3 (y)∆DLT (z, pT )
]
3z3MQ∑q T q0 (y)D1(z, pT ) , (4.162)
S xyTT (y, z, pT ) =S xy(0)TT (y, z, pT )
[
1 +
M
Q ∆(y, z, pT )
]
+ 2S xx(0)TT (y, z, pT )
(2y − 1)pY
zQ√y(1 − y) +
8
3z4M2Q∑q T q0 (y)D1(z, pT )
×
∑
q
{
2pX pY
[
− ˜T q2 (y)pXD⊥CTT (z, pT ) + ˜T q3 (y)pY∆D⊥CTT (z, pT )
]
+ z2 M2
[
˜T q2 (y)pY D⊥ATT (z, pT ) − ˜T q3 (y)pX∆D⊥ATT (z, pT )
]}
, (4.163)
S xxTT (y, z, pT ) =S xx(0)TT (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
− 2S xy(0)TT
(2y − 1)pY
zQ√y(1 − y) +
8
3z4M2Q∑q T q0 (y)D1(z, pT )
×
∑
q
{
(p2X−p2Y )
[
− ˜T q2 (y)pXD⊥CTT (z, pT ) + ˜T q3 (y)pY∆D⊥CTT (z, pT )
]
+ z2M2
[
˜T q2 (y)pXD⊥ATT (z, pT ) + ˜T q3 (y)pY∆D⊥ATT (z, pT )
]}
. (4.164)
We see that for all the four independent components, S xLT , S
y
LT , S
xx
TT , and S
xy
TT , of the tensor polarization, each has a leading
twist and a twist 3 contribution, and each contribution depends on several different components of the fragmentation function.
However, if we define, ~S LT = S xLT~ex + S
y
LT~ey, and S
↔
TT = S xxTT (~ex~ex − ~ey~ey) + S xyTT (~ex~ey + ~ey~ex), and we have S nLT = ~en · ~S LT ,
S tLT = ~et · ~S LT , S
nn
TT = ~en · S
↔
TT · ~en = −S ttTT = −~et · S
↔
TT · ~et, and S ntTT = S tnTT = ~en · S
↔
TT · ~et = ~et · S
↔
TT · ~en. At the leading twist,
they are given by,
S n(0)LT (y, z, k′⊥) = −
2|~k′⊥|
3M
∑
q Pq(y)T q0 (y)∆ ˆD⊥1LT (z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.165)
S t(0)LT (y, z, k′⊥) = −
2|~k′⊥|
3M
∑
q T
q
0 (y) ˆD⊥1LT (z, k′⊥)∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.166)
S nn(0)TT (y, z, k′⊥) = −
2|~k′⊥|2
3M2
∑
q T
q
0 (y) ˆD⊥1TT (z, k′⊥)∑
q T
q
0 (y) ˆD1(y, k′⊥)
, (4.167)
S nt(0)TT (y, z, k′⊥) =
2|~k′⊥|2
3M2
∑
q Pq(y)T q0 (y)∆ ˆD⊥1TT (z, k′⊥)∑
q T
q
0 (y) ˆD1(y, k′⊥)
. (4.168)
We see that the leading twist results in this case are indeed much simpler. Each component S n(0)LT , S
t(0)
LT , S
nn(0)
TT , or S
nt(0)
TT is
determined by one component of the fragmentation function and the unpolarized fragmentation function ˆD1. This shows that also
in this case choosing ~en and ~et as the two independent transverse directions is more suitable for studying different components
of the fragmentation function by measuring the polarization of hadrons. We also see that S n(0)LT and S
nt(0)
TT are proportional
to the polarization Pq(y) of the fragmenting quark while the other two components S t(0)LT and S nn(0)TT are independent of Pq(y).
This implies that the leading twist contributions to the first two components vanish if the annihilation goes via electromagnetic
interaction while the latter two survives.
Up to twist 3, we have
S nLT (y, z, k′⊥) =S n(0)LT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
−
8M
3zQ
∑
q
[
˜T q2 (y)k′y ˆDLT (z, k′⊥) + ˜T q3 (y)k′x∆ ˆDLT (z, k′⊥)
]
|~k′⊥|
∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.169)
S tLT (y, z, k′⊥) =S t(0)LT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
−
8M
3zQ
∑
q ˜T
q
2 (y)k′x
[
ˆDLT (z, k′⊥) − |
~k′⊥|2
M2
ˆD⊥LT (z, k′⊥)
]
|~k′⊥|
∑
q T
q
0 (y) ˆD1(z, k′⊥)
+
28
+
8M
3zQ
∑
q ˜T
q
3 (y)k′y
[
∆ ˆDLT (z, k′⊥) − |
~k′⊥|2
M2 ∆
ˆD⊥LT (z, k′⊥)
]
|~k′⊥|
∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.170)
S nnTT (y, z, k′⊥) =S nn(0)TT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8|~k′⊥|2
3zM2Q
∑
q
[
˜T q2 (y)k′x ˆD⊥CTT (z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥CTT (z, k′⊥)
]
∑
q T
q
0 (y) ˆD1(z, k′⊥)
+
−
8
3zQ
∑
q
[
˜T q2 (y)k′x ˆD⊥ATT (z, k′⊥) − ˜T q3 (y)k′y∆ ˆD⊥ATT (z, k′⊥)
]
∑
q T
q
0 (y) ˆD1(z, k′⊥)
, (4.171)
S ntTT (y, z, k′⊥) =S nt(0)TT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8
3zQ
∑
q
[
˜T q2 (y)k′y ˆD⊥ATT (z, k′⊥) + ˜T q3 (y)k′x∆ ˆD⊥ATT (z, k′⊥)
]
∑
q T
q
0 (y) ˆD1(z, k′⊥)
. (4.172)
In terms of y, z and pT , we have, at the leading twist,
S n(0)LT (y, z, pT ) = −
2|~pT |
3zM
∑
q Pq(y)T q0 (y)∆D⊥1LT (z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.173)
S t(0)LT (y, z, pT ) = −
2|~pT |
3zM
∑
q T
q
0 (y)D⊥1LT (z, pT )∑
q T
q
0 (y)D1(z, pT )
, (4.174)
S nn(0)TT (y, z, pT ) = −
2|~pT |2
3z2M2
∑
q T
q
0 (y)D⊥1TT (z, pT )∑
q T
q
0 (y)D1(y, pT )
, (4.175)
S nt(0)TT (y, z, pT ) =
2|~pT |2
3z2M2
∑
q Pq(y)T q0 (y)∆D⊥1TT (z, pT )∑
q T
q
0 (y)D1(y, pT )
, (4.176)
and up to twist 3,
S nLT (y, z, pT ) =S n(0)LT (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
−
8M
3zQ
∑
q
[
˜T q2 (y)pY DLT (z, pT ) + ˜T q3 (y)pX∆DLT (z, pT )
]
|~pT |
∑
q T
q
0 (y)D1(z, pT )
, (4.177)
S tLT (y, z, pT ) =S t(0)LT (y, z, pT )
[
1 +
M
Q ∆(y, z, pT )
]
−
8M
3zQ
∑
q ˜T
q
2 (y)pX
[
DLT (z, pT ) − |~pT |
2
z2 M2 D
⊥
LT (z, pT )
]
|~pT |
∑
q T
q
0 (y)D1(z, pT )
+
+
8M
3zQ
∑
q ˜T
q
3 (y)pY
[
∆DLT (z, pT ) − |~pT |
2
z2 M2∆D
⊥
LT (z, pT )
]
|~pT |
∑
q T
q
0 (y)D1(z, pT )
, (4.178)
S nnTT (y, z, pT ) =S nn(0)TT (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+
8|~pT |2
3z4M2Q
∑
q
[
˜T q2 (y)pXD⊥CTT (z, pT ) − ˜T q3 (y)pY∆D⊥CTT (z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
+
−
8
3z2Q
∑
q
[
˜T q2 (y)pXD⊥ATT (z, pT ) − ˜T q3 (y)pY∆D⊥ATT (z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
, (4.179)
S ntTT (y, z, pT ) =S nt(0)TT (y, z, pT )
[
1 + MQ ∆(y, z, pT )
]
+
8
3z2Q
∑
q
[
˜T q2 (y)pY D⊥ATT (z, pT ) + ˜T q3 (y)pX∆D⊥ATT (z, pT )
]
∑
q T
q
0 (y)D1(z, pT )
. (4.180)
For the process via electromagnetic interaction, i.e., e+ + e− → γ∗ → h + q¯ + X, at the leading twist level, we have,
S (0,em)LL (y, z, k′⊥) =
∑
q e
2
q
ˆD1LL(z, k′⊥)
2
∑
q e
2
q ˆD1(z, k′⊥)
, (4.181)
S x(0,em)LT (y, z, k′⊥) = −
2k′x
3M
∑
q e
2
q
ˆD⊥1LT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.182)
S y(0,em)LT (y, z, k′⊥) = −
2k′y
3M
∑
q e
2
q
ˆD⊥1LT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.183)
S xy(0,em)TT (y, z, k′⊥) =
4k′xk′y
3M2
∑
q e
2
q ˆD⊥1TT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.184)
29
S xx(0,em)TT (y, z, k′⊥) =
2(k′2x − k′2y )
3M2
∑
q e
2
q
ˆD⊥1TT (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
, (4.185)
S n(0,em)LT (y, z, k′⊥) = 0, (4.186)
S t(0,em)LT (y, z, k′⊥) = −
2|~k′⊥|
3M
∑
q e
2
q ˆD⊥1LT (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
, (4.187)
S nn(0,em)TT (y, z, k′⊥) = −
2|~k′⊥|2
3M2
∑
q e
2
q ˆD⊥1TT (z, k′⊥)∑
q e
2
q
ˆD1(y, k′⊥)
, (4.188)
S nt(0,em)TT (y, z, k′⊥) = 0. (4.189)
Up to twist-3, we have,
S (em)LL (y, z, k′⊥) = S (0,em)LL (y, z, k′⊥)
[
1 + MQ
ˆ∆(em)(y, z, k′⊥)
]
−
2k′x
zQ
˜B(y)
A(y)
∑
q e
2
q ˆD⊥LL(z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
, (4.190)
S x(em)LT (y, z, k′⊥) = S x(0,em)LT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8M
3zQ
˜B(y)
A(y)
∑
q e
2
q
[
k′2x ˆD⊥LT (z, k′⊥) − M2 ˆDLT (z, k′⊥)
]
M2
∑
q e
2
q ˆD1(z, k′⊥)
, (4.191)
S y(em)LT (y, z, k′⊥) = S y(0,em)LT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8k′xk′y
3zMQ
˜B(y)
A(y)
∑
q e
2
q ˆD⊥LT (z, k′⊥)∑
q e
2
q ˆD1(z, k′⊥)
, (4.192)
S xy(em)TT (y, z, k′⊥) = S xy(0,em)TT (y, z, k′⊥)
[
1 +
M
Q
ˆ∆(y, z, k′⊥)
]
−
8k′y
3zQ
˜B(y)
A(y)
∑
q e
2
q
[
2k′2x ˆD⊥CTT (z, k′⊥) − M2 ˆD⊥ATT (z, k′⊥)
]
M2
∑
q e
2
q ˆD1(z, k′⊥)
, (4.193)
S xx(em)TT (y, z, k′⊥) = S xx(0,em)TT (y, z, k′⊥)
[
1 + MQ
ˆ∆(y, z, k′⊥)
]
+
8k′x
3zQ
˜B(y)
A(y)
∑
q e
2
q
[
M2 ˆD⊥ATT (z, k′⊥) − (k′2x − k′2y ) ˆD⊥CTT (z, k′⊥)
]
M2
∑
q e
2
q
ˆD1(z, k′⊥)
, (4.194)
S n(em)LT (y, z, k′⊥) = −
8M
3zQ
˜B(y)
A(y)
∑
q e
2
qk′y ˆDLT (z, k′⊥)
|~k′⊥|
∑
q e
2
q ˆD1(z, k′⊥)
, (4.195)
S t(em)LT (y, z, k′⊥) = S t(0,em)LT (y, z, k′⊥)
[
1 + MQ
ˆ∆(em)(y, z, k′⊥)
]
−
8M
3zQ
˜B(y)
A(y)
∑
q e
2
qk′x
[
ˆDLT (z, k′⊥) − |
~k′⊥|2
M2
ˆD⊥LT (z, k′⊥)
]
|~k′⊥|
∑
q e
2
q ˆD1(z, k′⊥)
, (4.196)
S nn(em)TT (y, z, k′⊥) = S nn(0,em)TT (y, z, k′⊥)
[
1 + MQ
ˆ∆(em)(y, z, k′⊥)
]
−
8k′x
3zQ
˜B(y)
A(y)
∑
q e
2
q
[
ˆD⊥ATT (z, k′⊥) − |
~k′⊥|2
M2
ˆD⊥CTT (z, k′⊥)
]
∑
q e
2
q
ˆD1(z, k′⊥)
, (4.197)
S nt(em)TT (y, z, k′⊥) =
8k′y
3zQ
˜B(y)
A(y)
∑
q e
2
q ˆD⊥ATT (z, k′⊥)∑
q e
2
q
ˆD1(z, k′⊥)
. (4.198)
In terms of y, z and pT , they are given by,
S (0,em)LL (y, z, pT ) =
∑
q e
2
qD1LL(z, pT )
2
∑
q e
2
qD1(z, pT )
, (4.199)
S x(0,em)LT (y, z, pT ) = −
2pX
3zM
∑
q e
2
qD⊥1LT (z, pT )∑
q e
2
qD1(z, pT )
, (4.200)
S y(0,em)LT (y, z, pT ) = −
2pY
3zM
∑
q e
2
qD⊥1LT (z, pT )∑
q e
2
qD1(z, pT )
, (4.201)
S xy(0,em)TT (y, z, pT ) =
4pX pY
3z2M2
∑
q e
2
qD⊥1TT (z, pT )∑
q e
2
qD1(z, pT )
, (4.202)
S xx(0,em)TT (y, z, pT ) =
2(p2X − p2Y )
3z2M2
∑
q e
2
qD⊥1TT (z, pT )∑
q e
2
qD1(z, pT )
, (4.203)
S n(0,em)LT (y, z, pT ) = S nt(0,em)TT (y, z, pT ) = 0, (4.204)
30
S t(0,em)LT (y, z, pT ) = −
2|~pT |
3zM
∑
q e
2
qD⊥1LT (z, pT )∑
q e
2
qD1(z, pT )
, (4.205)
S nn(0,em)TT (y, z, pT ) = −
2|~pT |2
3z2M2
∑
q e
2
qD⊥1TT (z, pT )∑
q e
2
qD1(y, pT )
. (4.206)
Up to twist-3, we have,
S emLL(y, z, pT ) = S (0,em)LL (y, z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
−
2pX
z2Q
˜B(y)
A(y)
∑
q e
2
q
ˆD⊥LL(z, pT )∑
q e
2
q ˆD1(z, pT )
, (4.207)
S x(em)LT (y, z, pT ) = S x(0,em)LT (y, z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
+
8M
3z3Q
˜B(y)
A(y)
∑
q e
2
q
[
p2X ˆD
⊥
LT (z, pT ) − z2M2 ˆDLT (z, pT )
]
M2
∑
q e
2
q
ˆD1(z, pT )
, (4.208)
S y(em)LT (y, z, pT ) = S y(0,em)LT (y, z, pT )
[
1 +
M
Q ∆
(em)(y, z, pT )
]
+
8pX pY
3z3MQ
˜B(y)
A(y)
∑
q e
2
q ˆD⊥LT (z, pT )∑
q e
2
q
ˆD1(z, pT )
, (4.209)
S xx(em)TT (y, z, pT ) = S xx(0,em)TT (y, z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
+
8pX
3z4Q
˜B(y)
A(y)
∑
q e
2
q
[
z2 M2 ˆD⊥ATT (z, pT ) − (p2X − p2Y) ˆD⊥CTT (z, pT )
]
M2
∑
q e
2
q
ˆD1(z, pT )
,
(4.210)
S xy(em)TT (y, z, pT ) = S xy(0,em)TT (y, z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
−
8pY
3z4Q
˜B(y)
A(y)
∑
q e
2
q
[
2p2X ˆD
⊥C
TT (z, pT ) − z2 M2 ˆD⊥ATT (z, pT )
]
M2
∑
q e
2
q ˆD1(z, pT )
, (4.211)
S n(em)LT (y, z, pT ) = −
8M
3zQ
˜B(y)
A(y)
∑
q e
2
q pY DLT (z, pT )
|~pT |
∑
q e
2
qD1(z, pT )
, (4.212)
S t(em)LT (y, z, pT ) = S t(0,em)LT (y, z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
−
8M
3zQ
˜B(y)
A(y)
∑
q e
2
q pX
[
DLT (z, pT ) + p
2
T
z2 M2 D
⊥
LT (z, pT )
]
|~pT |
∑
q e
2
qD1(z, pT )
, (4.213)
S nn(em)TT (y, z, pT ) = S nn(0,em)TT (y, z, pT )
[
1 + MQ ∆
(em)(y, z, pT )
]
−
8pX
3z2Q
˜B(y)
A(y)
∑
q e
2
q
[
D⊥ATT (z, pT ) +
p2T
z2 M2 D
⊥C
TT (z, pT )
]
∑
q e
2
qD1(z, pT )
, (4.214)
S nt(em)TT (y, z, pT ) =
8pY
3z2Q
˜B(y)
A(y)
∑
q e
2
qD⊥ATT (z, pT )∑
q e
2
qD1(z, pT )
. (4.215)
We see that in e+ + e− → γ∗ → V + q¯ + X, at the
leading twist, we have three non-zero components, S (0,em)LL ,
S t(0,em)LT and S
nn(0,em)
TT , proportional to the three components
D1LL, D⊥1LT , and D
⊥
1TT respectively, while the other two com-
ponents S n(0,em)LT and S
nt(0,em)
TT are zero. On the other hand, at
twist 3, all the five components, S (em)LL , S
n(em)
LT , S
t(em)
LT , S
nn(em)
TT
and S tn(em)TT receive contributions from different components of
the fragmentation function. Clearly, precise measurements of
them provide deep understanding of the TMD fragmentation
function.
D. Confronting with experiments
In experiments, not only the azimuthal asymmetries but
also different components of the polarization can be measured
in a conceptually easy way. Hyperon polarization can be mea-
sured by studying the angular distribution of the decay prod-
ucts of its spin self analysing parity violating decay. All the
five independent components S LL, S nLT , S tLT , S nnTT and S ntTT ,
of the tensor polarization of vector meson can also be mea-
sured via the angular distribution in its strong decay into two
pseudoscalar mesons [38].
In experiments with e+e− annihilation at high energies,
measurements in this direction have been carried out at LEP
by ALEPH and OPAL collaborations for Λ hyperon produc-
tion [17, 18, 22]. There are also measurements on the spin
alignment ρ00 = (1 − 2S LL)/3 for vector mesons such as K∗,
ρ and so on [19–22]. Results for z dependences have been ob-
tained in both cases. These data are definitely still far from
enough to limit the precise forms of the fragmentation func-
tions involved, they can however be used to extract some hints
for the forms of the corresponding components.
These data have attracted much attention theoretically and
many phenomenological model studies have been carried out
in last years [41–56]. Among them, a series of calculations
have been carried out [41–46] using a formalism where hy-
peron polarization is calculated according to the origin of its
production and event generator JETSET [57] based on Lund
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model [58, 59] is used to trace back the origin(s). In these cal-
culations, not only the polarizations of the directly produced
hyperons but also those from the decays are taken into ac-
count. Another class of studies are carried out by relating the
fragmentation function to the parton distribution function us-
ing the reciprocity relation such as Gribov relation[47–52].
In the theoretical framework presented in this paper, for
directly produced hyperons, the longitudinal polarization is
given by Eq. (4.95) at the leading twist and by Eq. (4.98) if
twist 3 contributions are considered. The calculations pre-
sented in [41–46] are equivalent to take
∆Dq→H j1L (z, pT ) = t
q→H j
F f q→H j (z) f⊥(pT ), (4.216)
where f q→H j (z) is the number density of the first rank H j in the
fragmentation of the quark q in recursive cascade model such
as Lund model [58, 59]; tq→H jF = ∆QH j/n
H j
q is a spin transfer
constant, ∆QH j is the average value of the contribution of spin
of quark of flavor q to the spin of H j and n
H j
q is the number of
valence quark of flavor q in H j; f⊥(pT ) denotes the transverse
momentum dependence and is taken as factorized. It is inter-
esting to see that, with the simple SU(6) quark model results
for ∆QH j and Lund model[58, 59] input for f q→H j (z), the sim-
ple parameterization given by Eq. (4.216) can already provide
a rather good fit to the data available [17, 18, 22]. Similar
ansatz was taken for vector meson spin alignment, i.e.,
Dq→V1LL (z, pT ) ∝ f q→V (z) f⊥(pT ), (4.217)
and reasonable fit was obtained to the data available. We see
that these data [17–22] indeed provide some clue to parame-
terize the z-dependence of these components of the fragmen-
tation function.
For the TMD session, even less data is available yet
in particular when azimuthal asymmetries and polarizations
are concerned. For the unpolarized fragmentation function
D1(z, pT ), there are few data available on the pT spectra of
the produced hadrons in e+e− annihilation [60] and they can
provide useful information on the pT dependence of D1(z, pT ).
Recently there are measurements carried out in semi-inclusive
deep-inelastic lepton-nucleon scatterings [61–67] and anal-
ysis [68–71] have been made to extract information on the
pT dependence of D1(z, pT ). It is usually taken as factorized
from z dependence and a flavor independent Gaussian ansatz
is taken for the pT dependence. To the accuracy of current
studies, such Gaussian ansatz seems to provides us a reason-
able description [68, 69, 71] of the data available [61–67].
However, it has already been pointed out that a careful check
seems to suggest that the falvor dependence of the transverse
momentum dependence and even violation of its fatctorization
from the longitudinal momentum dependence do exist [70].
For spin dependent components of the fragmentation func-
tion discussed above, no data on transverse momentum de-
pendence is available yet.
Recent measurements have been carried out on azimuthal
asymmetries for two hadron production by BELLE, BARBAR
and BES III Collaborations[24–26]. However, no data is avail-
able yet on the azimuthal asymmetries for single hadron with
respect to the lepton plane. Such measurements are in princi-
ple easy to carry out in the corresponding reactions. Analysis
can be made easily for spinless hadrons but for hadrons with
spins they should be made consistently with polarization mea-
surements.
V. SUMMARY AND OUTLOOK
In summary, we show that the collinear expansion can
be extended to the semi-inclusive hadron production process
e+ + e− → h + q¯ + X. We show that a theoretical framework
can be obtained in this way where leading and higher twist
contributions can be calculated systematically. We carry out
the calculations for hadrons with spin-0, spin-1/2 and spin-1
up to twist 3 and present the results for the hadronic tensor,
the differential cross section, the azimuthal asymmetries and
the polarizations in terms of the different components of the
gauge invariant transverse momentum dependent fragmenta-
tion function.
For hadrons with spin zero, the differential cross section
show a left-right and an up-down azimuthal asymmetry in re-
action via Z-boson exchange but only the up-down asymmetry
survives in reaction via virtual photon exchange. Such az-
imuthal asymmetries are also influenced by the polarizations
when hadrons with spins are studied.
For spin-1/2 hadrons, the polarization is described by the
polarization vector S . The hadrons produced show longitudi-
nal and transverse polarizations at leading twist and also twist
3 addenda to them. The longitudinal polarization PLh is usu-
ally defined with respect to helicity. The leading twist con-
tribution to PLh exist only in e+ + e− → Z0 → h + q¯ + X
since quark produced in Z-decay is longitudinally polarized.
This leading twist contribution is proportional to the quark
polarization Pq(y) and is determined by ∆D1L that describes
the spin transfer in fragmentation. The results show that the
transverse polarization is conveniently described by Phn along
the normal direction of the production plane and Pht along
the transverse direction in the production plane. We have a
leading twist contribution to P(0)hn that is independent of Pq(y)
and is determined by D⊥1T , a counterpart of Sivers function
in fragmentation function. The leading twist contribution to
P(0)ht is proportional to Pq(y) thus vanishes in reaction via elec-
tromagnetic interaction, i.e., e+ + e− → γ∗ → h + q¯ + X,
where Pq(y) = 0 and parity violating terms disappear. At
leading twist, the only nonzero component of the polarization
e+ + e− → γ∗ → h + q¯ + X is the transverse polarization P(0)hn
along the normal direction of the production plane. However,
different contributions at twist 3 to all the three components
exist.
The results for spin-1 hadrons show even abundant fea-
tures: in addition to the spin alignment given by S LL, we ob-
tain results also for all the other four independent components
S nLT , S
t
LT , S
nn
TT and S tnTT . In e+ + e− → Z0 → V + q¯ + X,
all the five components have leading twist contributions and
each component is determined by one component of the frag-
mentation function and the unpolarized fragmentation func-
tion. Among them the leading twist contributions to S LL,
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S tLT , and S nnTT are independent of the polarization Pq(y) of
the fragmenting quark while those to the other two compo-
nents, S nLT and S tnTT , are proportional to Pq(y). As a result, in
e+ + e− → γ∗ → V + q¯ + X, the leading twist contributions to
S LL, S tLT , and S nnTT survive, while those to S nLT and S tnTT vanish.
In all the different cases, twist 3 contributions exist.
Measurements of longitudinal Lambda hyperon polariza-
tion and vector meson spin alignments have been carried out
at LEP by ALEPH and OPAL Collaborations[17–22], and z
dependences have been obtained. These data provides good
hints for z-dependence of the corresponding components of
the spin dependent session of the fragmentation function.
However, there is no data available yet for the transverse mo-
mentum dependence of the spin dependent components of the
fragmentation function discussed above. Such measurements
are important in studying different components of the frag-
mentation function and can provide useful information on the
properties of QCD. They can be carried out in the existing
e+e− colliders such as BELLE and BEPC, and can certainly
also be carried out in future e+e− colliders [72] at high ener-
gies discussed in the community.
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